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Summary
This work presents a new theoretical framework th a t extends the standard theory of quasi 
continuous-wave (CW) rare-earth-doped fibres to the ultrashort pulsed regime. We derive a 
time dependent, spectrally-resolved, nonlinear propagation equation for the coupled spectral 
components of the amplified pulse, within the rate-equation approximation. Our approach 
combines in a unified manner the effects of gain saturation, gain dispersion, fibre dispersion, 
fibre nonlinearity, stim ulated Ram an scattering, spontaneous Ram an emission (with its tem ­
perature dependence) and amplified spontaneous emission (ASE). We also present theoretical 
models for rare-earth-codoped fibre lasers and amplifiers,. in which the donor ions absorb a 
significant fraction of the pump power, delivering it to the acceptor ions through- an effi­
cient energy transfer mechanism. In particular, we consider the rate-equation model for the 
Er^+-Yb^"^ CO doped system with and without Er^+ clustering, which takes into account energy 
transfer between the (donor) Yb^+ and the (acceptor) Er^'^ ions. We also derive rate-equations 
for the Nd^+-Yb^+ codoped system th a t includes energy transfer between Nd^+ and Yb^+ ions, 
interactions among Nd^+ ions, single-ion transitions, and ASE due to Nd^+ and Yb^'*' ions. 
An approximate, quasi-analytical solution to the model equations is derived for CW lasers.
Previous theoretical works on short pulse amplification in doped fibres were derived mainly 
from the generalized nonlinear Schroedinger equation in the time domain. Furthermore, works 
on high-power rare-earth-codoped fibres have been limited mainly to CW  Br^+-Yb^+ codoped 
fibre lasers and amplifiers. Using our new formulation,- we extend previous works on short pulse 
amplification in doped fibres to the mixed spectrotemporal domain, allowing the full spectral 
resolution of both the incident pulse and the fibre parameters. We also apply our theoretical 
models to extend previous works on short length Er^+-Yb^+ codoped fibre amplifiers (EYDFA) 
to the quasi-CW regime and to study CW Nd^+-Yb^'*' codoped fibre lasers (NYDFL). To this 
end, we solve numerically the rate-propagation equations and investigate various system design 
param eters of practical interest.
The effects of the most im portant pulse and fibre param eters (e.g., incident pulse wave­
length, pulse peak power, pulse chirp, fibre length and pump power) on the spectral and 
tem poral characteristics of short amplified pulses are studied, both in the anomalous and in 
the normal fibre dispersion regimes. We analyze transient dynamic effects (e.g., amplifier 
stability) in short length, high-concentration, all-optical gain-clamped EYDFAs, in response 
to input signal modulations. We also study the effects of key param eters (e.g., fibre length, 
pump and laser wavelengths, output m irror reflectivity and dopant concentrations) on the 
output power, efficiency and optim al design (e.g., optimal fibre length and optimum dopant 
concentrations) of high-power CW NYDFLs.
K e y  w ords: Optical fibre theory, optical fibre amplifiers, optical fibre dispersion, optical 
pulse amplifiers, Ram an scattering, gain clamping, wavelength-division-multiplexing (WDM), 
optical fibre lasers. Erbium  (Er), Y tterbium  (Yb), Neodymium (Nd).
Acknowledgments
A number of people have contributed in different ways to the completion of this thesis. I 
am thankful to all of them. First, I would like to thank Prof. O. Hess, who has given me 
the opportunity to carry out this research work in his group, and provided me with access 
to the excellent facilities of the Advanced Technology Institute. His encouragement and the 
freedom th a t he has given me in choosing the direction of my research have been very helpful. 
I also thank Prof. J. Allam for his interest in my work. I own much gratitude to Prof. A. 
Hardy from Tel-Aviv University. His advice, patience, and share of vast knowledge, have been 
extremely valuable in my study, and provided me with the fundamentals needed to accomplish 
this research work. I thank my colleagues in the Advanced Technology Institu te for their help 
and support over the years: K. Boehringer for many fruitful discussions about the theory of 
laser physics, J. Hamm and A. Klaedke for their advice on issues related to scientific computing, 
as well as D. Aryal, N. Gaciu, C. Goddard, C. Hermann, C. Jamois, C. O ’Rourke, D. Reschner, 
G. Slavcheva and K. Tsakmakidis. Last, bu t not least, I express m any special thanks to Dr. 
R. Z. Yahel, for his many helpful suggestions and much patience.
IV
List of Publications
E. Yahel, O. Hess, and A. Hardy, "Ultrashort-Pulse High-Power Yb^+-Doped Fiber Ampli­
fiers," IEEE J. Quantum Electron., accepted for publication, 2007.
E. Yahel, O. Hess, and A. Hardy, "Analysis of nonlinear gain-induced effects on short pulse 
amplification in doped fibers by use of an extended power equation," Opt. Lett., vol. 32, no. 
2, pp. 118-120, Jan. 2007.
B. Yahel, 0 . Hess, and A. Hardy, "Spectrally-Resolved Approach for Modeling Short Pulse 
Amplification in Er^+-Doped Fibers," IEEE Photon. Technol. Lett., vol. 18, no. 21, pp. 
2227-2229, Nov. 2006.
E. Yahel, O. Hess, and A. A. Hardy, "Transient Analysis of Short, High Concentration, Gain- 
Clamped Er^+-Yb^+ Godoped Fiber Amplifiers," J. Lightw. Technol, vol. 24, no. 5, pp. 
2190-2198, May. 2006.
E. Yahel, 0 . Hess, and A. A. Hardy, "Modeling and Optimization of High-Power Nd^h-Yb^'*' 
Codoped Fiber Lasers," J. Lightw. Technol, vol. 24, no. 3, pp. 1601-1609, Mar. 2006.
Contents
G lossary o f Term s and Sym bols v iii
List o f Tables xii
List o f F igures x iii
1 In trod u ction  1
1.1 Overview .............................................................................................................................  1
1.2 O u t lo o k ................................................................................................................................  7
1.3 Fibre Dispersion and N onlinearities..............................................................................  8
1.4 Fibre and Pum ping G e o m e try ........................................................................................  11
1.5 Outline ................................................................................................................................. 13
2 M ath em atica l F orm ulation 15
2.1 The Spectrally-Resolved Pulse Propagation Approach ..........................................  15
2.1.1 Dispersive and Nonlinear E f f e c t s .......................................................................  17
2.1.2 Pulse Propagation E q u a tio n .................................................................................  19
2.1.3 Stim ulated Ram an S c a tte r in g .............................................................................. 22
2.2 The Quasi-GW  Rate-Propagation A p p ro a c h ..............................................................  23
2 .2.1 Er^'^-Yb^+ Codoped S ystem .................................................................................  24
2 .2.2  Nd^"^-Yb^+ Godoped S y s t e m .............................................................................. 28
2.3 Solution M ethods to the Model E q u a t io n s .................................................................  32
2.3.1 Implicit M ethod for the Pulse Propagation E q u a t io n ................................... 33
2.3.2 Recursive M ethod for the Quasi-GW A p p ro x im a tio n ................................... 35
2.3.3 Steady-State S o lu tio n s ...........................................................................................  36
2.3.4 Approximate Quasi-Analytical Solution ..........................................................  37
3 P u lse  A m plification  in R are-E arth -D op ed  Fibres 39
3.1 Er^^-Doped Pulsed Fibre A m p lif ie rs ............................................................................ 39
3.1.1 Gain-induced Dispersion E ffec ts ........................................................................... 40
3.1.2 Nonlinear Gain-induced E f fe c ts ........................................................................... 45
3.1.3 Stimulated Ram an Scattering in Pulse A m plifica tion ................................... 48
3.2 Yb^'^-Doped Pulsed Fibre A m plifiers...........................................................................  53
3.2.1 Parabolic Pulse A m plification ..............................................................................  54
VI
CONTENTS________________________________________________________________________ yü
3.2.2 Chirped Pulse Spectral C o m p ressio n .................................................................  62
3.3 C o n c lu sio n s ............................................................................................................................ 63
4 Q uasi-C W  G ain-C lam ped  Am plifiers: Er^+-Yb^+ C od oped  S ystem  66
4.1 Model V a lid a tio n .................................................................................................................. 68
4.2 Er^+ Clusters E ffe c ts ...........................................................................................................  69
4.3 Amplifier Design O p t im iz a t io n .......................................................................................  75
4.4 C o n c lu sio n s ............................................................................................................................ 79
5 C W  H igh-Pow er Lasers: Nd^^-Yb^"*" C od oped  S ystem  81
5.1 Validation of the Approximate Solution ........................................................................  82
5.2 Laser Design O p tim iza tion .................................................................................................  84
5.3 C o n c lu sio n s...........................................• .............................................................................. 90
6 C onclusion  92
6.1 Review and A ch ievem en ts.................................................................................................  92
6.2 Suggestions for Further W o r k ........................................................................................... 94
A  D erivation  o f th e  S p ectra lly -R eso lved  P u lse  P rop agation  E q uation  97
B  F in ite-D ifference A pproxim ations to  th e  R ate-E quation s 102
C F in ite-D ifference A p proxim ations to  th e  S p ectra lly -R eso lved
P u lse  P rop agation  E q uation  107
D  F in ite-D ifference A p proxim ations to  th e  P ropagation  E quations
for Q uasi-C W  Er^+-Yb^"^ C od oped  F ibre A m plifiers 111
E A p proxim ate Q uasi-A nalytica l S olu tions
for C W  Nd^+-Yb^+ C od oped  F ibre Lasers 114
R eferences 118
Glossary of Terms and Symbols
T E R M S
ASE Amplified spontaneous emission
C-band Conventional band wavelengths
CW Continuous-wave
DBR Distributed Bragg reflector
DCF Double-clad fibre
EDFA Er^+-doped fibre amplifier
ESA Excited state  absorption
EYDFA Er^+-Yb^‘*' codoped fibre amplifier
EYDFL Er^'^-Yb^'^ CO doped fibre laser
FOM Cain flatness figure-of-merit
FROC Frequency-resolved optical gating
FW HM Full w idth half maximum
LHS Left-hand side
LMA Large mode area
LP Linearly polarized
NA Numerical aperture
NLSE Nonlinear Schroedinger equation
NYDFL Nd^'*'-Yb^'^ codoped fibre laser
o c c Optical gain-clamping
RBS Rayleigh backscattering
RE Rare-Earth
RHS Right-hand side
SBS Stimulated Brillouin scattering
SMF Single-mode fibre
SNR Signal-to-noise ratio
SPM Self-phase m odulation
SRS Stimulated Ram an scattering
WDM Wavelength division multiplexing
XPM Cross-phase m odulation
YDFA Yb^’^ -doped fibre amplifier
YDFL Yb^'*'-doped fibre laser
V I M
GLOSSARY OF TERMS AND SYMBOLS____________________________________________ix
R O M A N  S Y M B O L S
A  Incident pulse complex amplitude
Aciad Cross section area of the fibre first cladding
Acore Cross section area of the fibre core
A qs Effective mode area
ai Coefficient of the Z-order LP mode in modal expansion
C Chirp param eter
C2 Upconversion rate  for homogeneous Er^+ ions
C2 Upconversion rate  for clustered Er^"^ ions
c Velocity of light in vacuum
D  Dispersion param eter
E  Energy
E q Incident pulse energy
pNd Normalized line shape of Nd^+ emission cross section
FVb Normalized line shape of Yb^+ absorption cross section
Fq ASE-induced noise figure
/  Distribution function of photons
/o Distribution of photons th a t contribute to spontaneous emission
G Integrated fibre gain
G Average of G over all amplified WDM signal channels
g Local gain due to the dopant and fibre scattering
5Tefr Effective local gain due to the dopant and fibre scattering
Effective local gain due to Ram an transitions 
Ql Modal degeneracy of the Z-order LP mode
g'R Ram an gain coefficient
Qs Differential signal gain due to Nd^ "** and Yb^"^ ions
Small signal gain of the Nd^'*' system 
Small signal gain of the Yb^"^ system 
h P lanck’s constant
Is Pulse intensity per unit bandwidth
/ q Spontaneous emission intensity per unit bandwidth
k Wavenumber
Boltzm ann’s constant 
ZûEr Fraction of Er^ "*" ions in clusters
fcgj. Limiting value of k^x for achieving damped oscillations
AiNd Fraction of Nd^+ ions in clusters
L  Fibre length
N  Dopant concentration in the fibre core
AYr Er^*  ^ concentration in the fibre core
N j Population density of the j ’th  manifold
A nci Nd^+ concentration in the fibre core
Ayb Yb^*  ^ concentration in the fibre core
GLOSSARY OF TERMS AND SYMBOLS
n  Bulk refractive index far from resonances
neff Effective refractive index of the active fibre
rigff Effective refractive index of the passive fibre
nf Bulk refractive index
72m Number of transverse modes supported by the fibre
U2 Nonlinear refractive index
P  ASE spectral power density
Laser output power 
Pp Pum p power
Pg Signal spectral power density
p to tal Total W D M  signal input power
P^lf Saturation power of the Nd^'^ system
-^sa? Saturation power of the Yb^"^ system
P q Contribution of spontaneous emission power into a mode
Qvb Integrated absorption cross section of Yb^"^ ions
P i  Power reflectivity of the mirror placed at z =  0
P 2 Power reflectivity of the mirror placed at z =  P
P 35 Energy-backtransfer coefficient from Er^"^ to Yb^ """
P 40 Cross-relaxation coefficient for homogeneous Nd^"^ ions
P 40 Cross-relaxation coefficient for clustered Nd^+ ions
P 45 Forward cross-relaxation coefficient from Nd^+ to Yb^ ***
Peo Backward cross-relaxation coefficient from Yb '^*’ to Nd^ "*"
Pei Energy-transfer coefficient from Yb^+ to Er^+
r  Spatial coordinate
vq Critical interaction distance for the Nd^'^'-Yb^'*' energy transfer
T  Time coordinate in the retarded frame
Toe Relaxation oscillation period
Tq W idth (FWHM) of the  incident pulse
t Time coordinate
Ü Modal param eter
Ui Envelope of the Z-order LP mode
V  Fibre normalized frequency
Effective group velocity due to Ram an dispersion 
Vçfi Effective group velocity due to linear and gain-induced dispersion
Vg Group velocity
p^Ref Group velocity of the reference frame
Wij Stimulated transition rate  between levels i and j
w Gaussian beam width
z Position along the fibre
G R E E K  S Y M B O L S
a  Fibre scattering loss
GLOSSARY OF TERMS AND SYMBOLS___________________________________________ ^
r  Power filling factor
Ti Power filling factor of the Z-order LP mode
Fp Pum p power filling factor
Fgg Spontaneous emission power filling factor
7  Nonlinear coefficient
A Relative clad-core index difference
A E  Energy spacing between atomic levels
AGmax Maximum variation of G over all amplified WDM signal channels 
A T  Time step in the retarded frame
ATq Temporal pulse broadening
A t  Time step
Atoc Relaxation oscillation delay time
A z  Spatial step along the fibre
AA Bandwidth pulse broadening
AA Spectral bandwidth
AAg Signal channel bandwidth
Ai/ Frequency bandwidth
5n Nonlinear refractive index contribution
Effective nonlinear refractive index contribution due to dopant dispersion 
Effective nonlinear refractive index contribution due to Ram an dispersion 
5 \  Axial modes spacing
r)c Laser conversion efficiency
77d Laser slope efficiency
A Wavelength in vacuum
Amin Lower limit wavelength in the numerical calculations
Aref Ram an gain measurement wavelength
As Signal wavelength
u Frequency
h's Pulse frequency
p Transverse direction along the fibre cross section
Pco Fibre core radius
<7ij Transition cross section between levels i and j
&ij Kramers-Kronig transform  of the cross section between levels i and j
TEr Spontaneous emission lifetime of the Er^+ ^Ii3/2 state
Tij Nonradiative relaxation lifetime between levels i and j
TNd Spontaneous emission lifetime of the Nd^+ '^Fg/g state
TYb Spontaneous emission lifetime of the Yb^+ ^Fs/2 s tate
V? Azimuthal angle
X d  Complex atomic susceptibility of the dopant
4 Fibre tem perature
List of Tables
3.1 Param eters of the Er^**"-doped Aluminosilicate F i b r e ..............................................  41
3.2 Param eters of the Yb^'^-doped Silica F ib re ..................................................................  55
4.1 Param eters of the Er '^*‘-Yb^+ Codoped Phosphate F i b r e ........................................  69
5.1 Param eters of the Nd^+-Yb^+ Codoped Silica F ib re ..................................................  83
XII
List of Figures
1.1 Illustration of the double-clad fibre cross section w ith a D-shaped first cladding. 12
1.2 Schematic illustration of the fibre pumping geometry..................................................  13
2.1 Energy-level diagram for the Er^+-Yb^'*' codoped system ..........................................  25
2.2 Energy-level diagram for the Nd^+-Yb^"^ codoped system .........................................  29
2.3 The two grids used for the numerical solution................................................................ 33
3.1 Dependence of the dispersion param eter of an aluminosilicate-based EDFA on
the wavelength........................................................................................................................  41
3.2 Contour plot of the pulse spectral power density at the output of a dispersion-
shifted EDFA, as function of the wavelength and time delay, for a low-intensity 
unchirped incident pulse around Ag =  1522 nm. .  ..................................................  42
3.3 Contour plot of the pulse spectral power density at the output of a dispersion-
shifted EDFA, as function of the wavelength and time delay, for a low-intensity 
unchirped incident pulse around Ag =  1535 nm ............................................................. 43
3.4 Contour plot of the pulse spectral power density a t the output of a dispersion-
' shifted EDFA, as function of the wavelength and time delay, for low-intensity
chirped incident pulses around Ag =  1522 nm and Ag =  1535 nm ............................. 44
3.5 Contour plot of the pulse spectral power density at the output of a dispersion-
shifted EDFA, as function of the wavelength and time delay, for a high-intensity 
unchirped incident pulse around Ag =  1522 nm ............................................................. 46
3.6 Amplified pulse intensity distribution for different input pump powers, in dispersion-
shifted EDFA..........................................................................................................................  47
3.7 Contour plot of the pulse spectral power density at the output of a dispersion-
shifted EDFA, as function of the wavelength and time delay, for a high-intensity 
unchirped incident pulse around Ag =  1535 nm ............................................................. 48
3.8 Dependence of the pulse intensity on the length of a dispersion-shifted EDFA,
for a high-intensity pulse centered around Ag =  1535 nm ...........................................  49
3.9 Amplified pulse energy spectrum  for different input peak powers, in a normal-
dispersion EDFA....................................................................................................................  50
3.10 Amplified pulse power and mean wavelength for different input peak powers, in
a normal-dispersion EDFA..................................................................................................  51
3.11 Amplified pulse energy spectrum  for different input pump powers, in a normal-
dispersion EDFA....................................................................................................................  52
XIII
LIST OF FIGURES______________  xiy
3.12 Dependence of the pulse intensity on the length of a normal-dispersion EDFA,
for a pulse incident around Ag =  1550.nm ......................................................................  53
3.13 Dependence of the dispersion param eter of a silica-based YDFA on the wavelength. 55
3.14 Amplified pulse energy spectrum  for different incident pulse central wavelengths,
in a high-power YDFA.........................................................................................................  56
3.15 Amplified pulse power and mean wavelength for different incident pulse central 
wavelengths, in a high-power YDFA................................................................................. 57
3.16 Amplified pulse intensity distribution for different incident pulse peak powers,
in a high-power YDFA.......................................................................................................... 58
3.17 Dependence of the amplified pulse spectral width on the Yb^"'" concentration, in
a high-power YDFA..............................................................................................................  59
3.18 Dependence of the amplified pulse intensity on the length of a high-power YDFA. 60
3.19 Dependence of the amplified pulse energy on the injected pump power, in a
high-power YDFA..................................................................................................................  61
3.20 Contour plots of the pulse spectral power density as function of the wavelength
and time delay, in a high-power YDFA............................................................................ 63
4.1 Gain versus the signal wavelength, in a single-clad EYDFA...................................... 68
4.2 Transient response of the surviving channel output power and the average inver­
sion of the homogeneous and the clustered Er^ "*" populations in a gain-clamped 
EYDFA, when channels are dropped................................................................................ 71
4.3 Ti-ansient response of the Ag =  1562 nm channel output power and the average
inversion of the homogeneous and the clustered Er^+ populations in a gain- 
clamped EYDFA, when channels are added................................................................... 72
4.4 Transient response of the Ag =  1562 nm channel output power in a gain-clamped
EYDFA, when channels are dropped and added, and for different Yb^"'"-Er^'^ 
ratios.........................................................................................................................................  73
4.5 Stability diagram as function of the Yb^+-Er^+ ratio and the relative number
of clustered Er^+ ions, in a gain-clamped EYDFA.......................................................  74
4.6 Dependence of the amplitude of power excursions of the Ag =  1562 nm channel
and the relaxation oscillation frequency on the length of a gain-clamped EYDFA. 76
4.7 Dependence of the amplitude of power excursions of the Ag =  1562 nm channel
and the noise figure on the lasing wavelength, in a gain-flattened EYDFA. . . .  77
4.8 Dependence of the amplitude of power excursions of the Ag =  1562 nm channel
and the relaxation oscillation frequency on the pump wavelength, in a gain- 
flattened EYDFA...................................................................................................................  78
5.1 O utput power of a high-power NYDFL as a function of the input pump power. 83
5.2 Laser slope efficiency and threshold pum p power as a function of the fibre length
of a high-power NYDFL......................................................................................................  85
5.3 Contour plots of the optimal laser length and the corresponding output power
of a high-power NYDFL, as a function of the Yb^+ and Nd^+ pump wavelengths. 86
LIST OF FIGURES__________________________________________________________________ xy
5.4 Contour plots of the optimal laser length and the corresponding output power 
of a high-power NYDFL, as a function of the laser wavelength and the output 
mirror reflectivity...................................................................................................................  87
5.5 Contour plots of the optimal laser length and the corresponding output power 
of a high-power NYDFL, as a function of the Nd^+-Yb^+ ratio and the Yb^*  ^
concentration........................................................................................................................... 89
5.6 O utput power at the optimal laser length of a high-power NYDFL, as a function
of the Nd^+ concentration...................................................................................................  90
Chapter 1
Introduction
1.1 O verview
In the last 30 years optical fibres have led to a revolution in communication systems and 
have also found im portant applications in other fields, such as medicine, optical sensing, and 
spectroscopy. Rare earth  (RE) ions (also known as lanthanides) have some excellent lasing 
characteristics th a t distinguish them  from other optically active ions [1]. Among their most 
im portant characteristics are relatively narrow emission and absorption wavelength bands, 
and long lifetimes of the m etastable states with high quantum  efficiencies. RE-doped fibres 
combine the optical gain of the rare earth  ions w ith the large optical confinement and good 
heat dissipation available in an optical fibre, into a compact, robust, integrated, and reliable 
source, compared with conventional bulk solid-state devices. In particular, the beam quality of 
the guided mode is determined by the fibre core design, and the relatively low pump power tha t 
is required in many applications can be provided by inexpensive semiconductor diode lasers. 
In a glass host, the energy levels of the rare earth  ions split due to the Stark effect [1, 2], 
which significantly broadens their emission linewidths, e.g., compared with a crystalline host. 
This makes RE-doped fibres ideal for broadband amplification, high-energy pulse generation 
and tunable laser applications. In recent years there has been a comprehensive research on 
most of the rare earths, using different host glass fibres, and operating in wavelengths covering 
wide spectral ranges. This research has led to the development of novel, active fibre lasers and 
fibre amplifiers, for a variety of applications, e.g., in high-capacity lightwave communication 
systems, in spectroscopy and in microscale and nanoscale materials processing [3- 5].
The research on active fibres doped with rare earth ions has been stim ulated primarily by
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the applications of fibre lasers and amplifiers in optical communication systems. These systems 
have been revolutionized since the first demonstration of Er^+-doped fibre amplifiers (EDFA), 
in 1987 [6], The EDFA operates a t the region of low losses in silica glass, i.e., a t ~1.55 /xm, and 
enables all-optical, low noise, signal amplification to compensate for losses in optical networks 
w ithout any electronic processing. In particular, EDFAs form the backbone of high capacity 
lightwave communication systems as their large bandwidth and slow gain dynamics allow the 
simultaneous amplification of multiple channels without significant cross-talk, thus enabling the 
wavelength-division-multiplexing (WDM) technology [2, 5, 7]. Conventional EDFAs, however, 
employ single-clad fibres to maximize their small signal optical gain and pumping efficiency, 
and are limited to few tens of milliwatts average output powers. Further increase in the output 
power of RE-doped fibre lasers and amplifiers has been achieved by introducing novel fibre 
geometries (cf. Section 1.4) and as a result of the increased availability of high brightness 
diode pumps at a cost-effective price [8 , 9]. High-power, double-clad fibre (DCF) amplifiers 
with broadband gain, support a large number of wavelength channels in optical networks using 
WDM [10, 11]. Active cladding-pumped large-mode-area (LMA) fibres producing hundreds 
of w atts output power, in continuous-wave (CW) and with nearly diffraction-limited beam 
quality, are readily available [8 , 12]. For such high powers, the large surface-to-active volume 
ratio of the optical fibre, its optical waveguiding, and the flexibility of the pumping scheme, 
play a significant role in increasing heat dissipation and therefore reducing therm al distortions 
of the optical field [13]. Of particular interest are silica-based Yb^"^-doped fibre lasers and 
amplifiers, emitting at the 1.06 /im  wavelength range, which have a small quantum  defect and 
high optical conversion efficiencies (e.g., as high as 80 percent). These fibres are very attractive 
for high-power applications because the Yb^+ absorption spectrum  is very large and matches 
with the emission wavelengths of high-power diode lasers [9, 14].
High peak-power, compact, ultrashort pulsed fibre systems, can be integrated into one cav­
ity, thus alleviating alignment and compactness problems of the more complex conventional 
solid-state technology [15]. However, the power and energy scaling of optical pulses propagat­
ing in doped fibres is ultim ately limited due to dispersion and the onset of nonlinear effects 
in the core [16]. Nonlinearities in optical fibres arise from the combination of the tight modal 
confinement, very high pulse intensity inside the fibre core, and the relatively long propagation 
length required for pump-light absorption. The combined effect of fibre nonlinearities and
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dispersion is to distort the spectral and tem poral shape of the optical pulse, and to scatter the 
pulse energy. Nonlinear effects can also be utilized positively; e.g., to produce linearly chirped, 
parabolic pulses, in high gain normal dispersion fibre amplifiers [17]. These pulses expand bo th 
temporally and spectrally as they propagate and can be compressed into shorter durations w ith 
higher average powers [18]. Sensitization of different rare earth ions to maximize the pump 
efficiency of fibre lasers and amplifiers is ano ther active field of research [7]. The idea extends 
already back to the first demonstrations of doped glass bulk lasers in the mid 60s [19, 20]. 
In codoped fibres, acceptor rare earth ions (e.g., Er+^) are surrounded by donor rare earth  
ions (e.g., Yb^+), enabling an efficient, indirect, pumping mechanism through nonradiative 
energy transfer from the donors to the acceptors [21]. The presence of the donor ions allows 
for extended possible pump wavelengths and pumping schemes, compared with pure single-ion 
doped systems. The increased pump absorption in codoped fibres effectively compensates for 
the degradation in gain due to concentration quenching effects, such as homogeneous upcon­
version and clustering in Er^+ based systems [22]. In particular, higher output powers can 
be achieved with shorter fibre lengths and higher ion concentrations, further increasing the 
threshold for optical nonlinearities.
Theoretical modelling of doped fibre lasers and amplifiers is an im portant aspect of their de­
sign. These models are commonly based on a coupled set of transfer (or propagation) equations 
for the optical powers and rate-equations for the atomic populations [23]. The transfer equation 
is the m athem atical statem ent of the rate  of change in the number density of photons along 
the propagation path. This equation is fundam ental in the literature of laser amplification and 
oscillation [24]. In the linear regime, i.e., when the index of refraction is constant, the transfer 
equation can be derived phenomenologically from considerations of emission and absorption of 
photons along the doped fibre. Similarly, the rate  equations for the gain can be derived phe­
nomenologically, using various approximations, such as therm al equilibrium of the Stark-levels 
and homogeneous broadening [2]. Additional loss mechanisms can also be taken into account, 
e.g., excited-state absorption (ESA) [25] and concentration quenching [26]. The solution of the 
coupled rate-propagation equations allows us to simulate the propagating signal power, pump 
power and amplified spontaneous emission (ASE) power along the fibre. Using this model, 
the forward and backward propagating spectral power densities are coupled indirectly through 
the gain, and directly through various scattering mechanisms, e.g., Rayleigh backscattering
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(RBS) [27] and stim ulated Ram an scattering (SRS) [28]. Numerical solutions are obtained 
by integrating the transfer equations along the fibre length while simultaneously solving the 
set of rate-equations. This approach is widely used in the quasi-CW  regime where the pulse 
width is relatively long (i.e., >  1 nsec) and thus it can be assumed to be monochromatic, i.e., 
a single-wavelength approximation [16].
Modelling pulse propagation in fibre amplifiers has been based, to a great extent, on solv­
ing a generalized form of the nonlinear Schroedinger equation (NLSE) for the complex slowly 
varying envelope of the pulse in the time domain [16]. Following this approach, the spectral 
bandwidth of the pulse is assumed to be much smaller than  the pulse central frequency (i.e., 
the pulse is quasi-monochromatic) and the dispersion contribution is expanded in a Taylor se­
ries at the pulse central frequency. Nakazawa et. al. [29] employed the generalized NLSE with 
a constant gain coefficient to dem onstrate gain-induced effects on the amplified pulse intensity 
in EDFAs. It has been shown th a t on increasing the gain coefficient, the amplified pulse is 
narrowed, while its spectrum  is broadened, as long as the gain is relatively small. W hen the 
gain is further increased, the pulse width is no t decreasing, as the pulse is no longer trapped by 
the gain bandwidth. We note tha t in contrast to Nakazawa’s assumptions, the EDFA gain can 
be a strong function of bo th wavelength and position along the fibre [7]. Agrawal [30, 31] stud­
ied the effects of gain dispersion and SRS on soliton amplification in doped fibres, within the 
framework of the generalized NLSE. To this end, he approximated the spectral dependence of 
the gain as a parabola, and considered a linear variation of the Ram an gain spectrum  near the 
pulse central frequency. He dem onstrated th a t gain dispersion limits the bandwidth of short 
amplified pulses, and th a t SRS red-shifts the pulse spectrum and hence delays the pulse arrival 
in anomalous dispersion fibres. Gabitov et. al. [32] studied pulse amplification in EDFAs us­
ing a model th a t takes into account the coherent interaction of the Er^*  ^ ions w ith the optical 
field, as given by the Bloch equations for a two-level atom system. They also considered the 
effect of SRS on the amplified pulse using a delayed Raman response function whose Fourier 
transform is a Lorentzian fit to the complex Ram an susceptibility of the fibre. This approach, 
however, does not take into account the Stark splitting of the Er^"^ levels in glass fibres and, 
therefore, it cannot accurately describes the gain spectrum  and its dependence on the pump 
power and doping concentration [33]. Agrawal [34] also made a parabolic approximation to 
the amplifier gain spectrum, and employed a simplified rate-equation model with gain satura-
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tion, gain dispersion, and detuning of the piilse wavelength from the gain peak. His approach, 
however, imposes lim itations on the pulse bandwidth, as it has to be relatively narrow com­
pared with a symmetrical finite gain bandwidth. Romagnoli et. al. [35] studied pump-induced 
dispersion by considering pulse propagation along a fully-inverted dispersion-shifted EDFA. 
They employed the generalized NLSE with delayed response functions for the Er^+ and Ra­
m an gain contributions, which are assumed to be Lorentzian fitted to the measured spectrum. 
As no ted above, such simplified analytical approximations, however, do no t accurately predict 
the frequency dependent susceptibilities associated with the Er^"^ and Ram an transitions in 
glass fibres [33, 36, 37]. Zhu et. al. [38] employed the generalized NLSE with a Lorentzian 
absorption profile and third-order dispersion to study the effect of the Er^"^ ions on the spectral 
and tem poral shape of femtosecond pulses propagating in unpum ped Er^+-doped fibres. They 
show th a t the shape of a propagating pulse depends on the  difference between the pulse central 
wavelength and the center of the Er^’^  absorption profile. Hoffman and Buck [39] obtained an 
analytical expression for the amplified pulse broadening factor in EDFAs, by approximating the 
experimental Er^+ cross sections w ith a superposition of Lorentzian functions. M irtchev [40] 
studied the interplay between nonlinearity and dispersion in doped fibres based on a linear sta­
bility analysis of the generalized NLSE. His work demonstrates th a t off-resonance gain-induced 
refractive index changes and gain dispersion contributions can significantly alter the amplifier 
response to small perturbations in the incident pulse param eters. Reichel and Zengerle [41] 
extended the models of gain-induced dispersion in EDFAs by using rate-propagation equa­
tions to model the spectral power densities and calculate the spectral dependency of the Er^+ 
atomic susceptibility. Using this dependency, they solved the generalized NLSE in the fre­
quency domain, and determined the spectral shape of an amplified pulse. Fermann et. al. 
[17] employed the generalized NLSE in order to dem onstrate th a t high-power parabolic pulses 
could be generated in high-gain, normal dispersion Yb^'^-doped fibre amplifiers (YDFA). This 
work was extended later by Kruglov et. al. [42], who employed asymptotic solutions to the 
generalized NLSE in order to provide some design rules for parabolic amplifiers. Peacock et. 
al. [43] assumed a complex Lorentzian profile for the gain in order to study the effects of the 
finite bandwidth on short pulse amplification in normal-dispersion doped fibres. Their results 
show th a t a solitary amplified pulse can be obtained when the incident pulse bandwidth is 
much less than  the gain bandwidth. On the o ther hand, the amplified pulse becomes unstable
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and distorted when its bandwidth is comparable to the gain bandwidth. Limpert et. al. [44] 
dem onstrated good qualitative agreement between the calculated pulse spectrum (obtained 
from solutions of the generalized NLSE with constant gain) and experimental measurements 
of femtosecond YDFAs. Soh et. al. [45] found an asymptotic analytic solution to the gen­
eralized NLSE, in the special case where the parabolic pulse bandwidth is comparable to the 
finite Lorentzian gain bandwidth. Using this solution, they were able to obtain some design 
rules for efficient parabolic amplifiers. They [46] also derived an analytic expression for a fi­
bre length th a t limits the SRS losses in parabolic pulse amplification. It was shown th a t for 
fibres longer than  this critical length, losses to SRS deplete and distort the amplified pulse 
shape significantly, and hence degrade the pulse recompression efficiency. Finally, Kuznetsova 
et. al. [47] dem onstrated the interplay between the gain bandwidth and fibre nonlinearity in 
strongly chirped pulse amplification, using a model tha t includes a Lorentzian gain profile. It 
was shown th a t the finite gain bandwidth significantly modifies the amplified pulse spectrum  
in the presence of nonlinear effects, in agreement with experiments.
Theoretical studies on high-power RE-codoped fibre lasers and amplifiers were mainly 
limited to the Er^+-Yb^+ codoped system. Valley [48] presented a comprehensive model of 
cladding-pumped Er^+-Yb^+ codoped fibre amplifiers (EYDFA), with full radial dependency, 
ASE in the signal and pump band, scattering loss and Er^+ clustering. He used this model to 
illustrate the effects of the signal wavelength, signal power and concentration quenching, on the 
amplifier gain and noise performance. Achtenhagen et. al. [49] dem onstrated good agreement 
between a theoretical model of high-power EYDFAs and experimental measurements. Yahel 
and Hardy [50-52] extended th a t work to take into account the detailed energy transfer be­
tween Er^"^ and Yb^'^, homogeneous upconversion among Er^+ ions, the effect of Er^+ clusters, 
as well as ASE in the vicinity of the signal and pump wavelengths. The model was employed to 
analyze the power conversion efficiency of high-power, gain-flattened EYDFAs, and their ASE 
noise performance. An approximate quasi-analytical solution to the rate-equations was intro­
duced, which shows a good agreement with the exact numerical solutions for practical operating 
conditions of high-power cladding-pumped Er^+-Yb^+ codoped fibre lasers (EYDFL) [53]. Huo 
et. al. [54] dem onstrated the validity of the Yahel and Hardy approach in the time domain, in 
the case of Q-switched cladding pum ped EYDFLs with relatively low Er^+ concentrations and 
negligible clustering. Theoretical works were also published on high-concentration Er^'^-Yb^'^
1.2 Outlook
codoped fibres. Ding and Cheo [55] studied the effects of Er^+ clustering on EYDFLs, on 
the basis of a linear stability analysis of the rate-equations. Their calculations dem onstrate 
th a t Yb^+-codoping effectively reduces the pump power required for stable laser operation. 
Huang et. al. [56] dem onstrated high-gain performance with only few tens of centimeters 
cladding-pumped phosphate-based EYDFAs. Yahel and Hardy [57] dem onstrated the design 
optim ization and the validity of the approximate solutions to the rate-propagation equation 
model in the case of very short (e.g., few centimeters) core-pumped silica-based EYDFLs. In 
ano ther study, Jiang et. al. [58] employed a rate-propagation model with energy transfer and 
homogeneous upconversion to study the optimum design param eters (e.g., optimum Er^'^ and 
Yb^+ concentrations) of few centimeters length single-clad EYDFAs, made from phosphate 
glass. Finally, the dynamic behavior of gain-clamped EYDFAs was considered by Ehnser et. 
al. [59]. In particular, they employed an approximate rate-equation model to dem onstrate 
th a t increasing the effective pum p power or decreasing the fibre length, limits the amplitude of 
the surviving channel power transients in relatively long (i.e., meters) gain-clamped EYDFAs.
1.2 O utlook
In what follows, we consider fibre amplifiers th a t operate in the short pulse regime (i.e., pulse 
width ~  1 psec). In the spirit of an alternative approach to pulse propagation theory th a t con­
siders the jo int distribution of the pulse intensity in a mixed spectral and tem poral representa­
tion [60], we suggest a theoretical methodology for extending well-established rate-propagation 
models of doped fibre amplifiers [23] to the short pulsed regime. We derive a propagation equa­
tion th a t describes the changes in the distribution of the pulse spectral power density along 
the fibre. In our model, the spectral gain is resolved using experimentally measured cross sec­
tions, Taylor expansion is no t assumed for the dispersion contributions and the modeled pulse 
bandwidth is not restricted to the precondition of a quasi-monochromatic pulse. The model 
takes into account the intensity dependence of the refractive index, and includes the effect 
of spontaneous emission noise on the pulse dynamics [24, 61]. The model also includes SRS 
contributions w ith wavelength-scaled Ram an gain, photon conservation, spontaneous Ram an 
scattering with tem perature dependence and Ram an dispersion. To this end, we consider pho­
ton scattering among different pulse spectral components, in the same framework as pho ton 
scattering in multiple-pump Ram an amplifiers [28]. Thus, we do no t assume a Taylor expansion
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or a Lorentzian approximation for the Ram an gain, but refer to the experimentally measured 
cross section [62]. The model allows us to calculate the time-dependent power spectrum  of the 
pulse, and thus to simultaneously analyze it in the time and spectral domains, which is more 
compliant with the experim entalist’s observations [63]. This approach is limited to pulse widths 
of few hundred femtoseconds, for which we can assume therm al equilibrium of the atomic pop­
ulations w ithin each Stark manifold [33]. The equations are solved numerically to dem onstrate 
the effects of nonlinear gain-induced dispersion on the amplification of subpicosecond pulses 
in dispersion-shifted EDFAs. Also, the effects of SRS on short amplified pulses in normal- 
dispersion EDFAs and ultrashort pulse amplification in high-power YDFAs are analyzed. In 
the work we also study short, high-concentration, gain-clamped EYDFAs in the quasi-CW  
regime, which are designed for WDM applications in the conventional band (C-band) wave­
lengths (1545 nm - 1562 nm) of the Er^+ gain spectrum, using a detailed rate-propagation 
model [50]. Finally, we introduce a detailed rate-equation model to study Nd^'^-Yb^+ codoped 
fibres. This model takes into account energy transfer between Nd^"^ and Yb^+ ions, cross­
relaxation among Nd^+ ions, Nd^+ clustering effects, spectrally-resolved ASE of Nd^+ and 
Yb^'^ ions and scattering losses. Our model also account approximately for contribution of 
high-order modes to the ASE. We present a quasi-analytical solution to approximate the ex­
act steady-state equations. We employ the model to study high-power configurations of CW 
Nd^+-Yb^+ codoped fibres lasers (NYDFL), and compare the approximate quasi-analytical 
solutions to the exact numerical solutions of the rate-equations.
1.3 Fibre D ispersion  and N onlinearities
D ispersion of propagating pulses in single-mode fibres (SMF) doped with rare earth  ions de­
pends on the bulk glass m aterial properties, the fibre waveguide geometry and the gain band­
width of the dopant ions. A well known dispersion results from the fibre properties (also 
called group-velocity dispersion) which is a consequence of the wavelength dependence of the 
glass refractive index (material resonance dispersion) and the wavelength dependence of the 
effective index of the guided mode (waveguide dispersion) [64]. F ibre dispersion causes, e.g., 
pulse broadening, and therefore to crosstalk between simultaneously transm itted  channels in 
a WDM network. Thus fibre dispersion imposes a limit on the transmission capacity of the 
optical fibre at a given transmission distance [64]. Another dispersion contribution is the so
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called gain dispersion th a t arises from the finite gain bandwidth of the dopant. For sufiiciently 
short pulses, this effect acts to reduce the gain of spectral components far away from the gain 
peak, which renders the pulse to become simultaneously amplified and spectrally narrowed 
[30]. Furthermore, we no te tha t since the gain in doped fibres is a  strong function of the 
wavelength, it acts to pull the pulse spectrum towards the gain peak, preferentially amplifying 
spectral components located near the peak. Gain-induced dispersion depends on the doped 
ions population inversion, and hence on the doping concentration and the pump power level, 
as well as on the pulse power [35]. Its con tribution to the to ta l dispersion is generally small 
compared with the fibre dispersion in standard long-haul links, and it can be neglected for 
relatively long pulses [33, 39]. However, gain-induced dispersion should be accounted for in 
optical communication systems th a t employ dispersion-shifted fibres [41] and it has an impor­
tan t effect on subpicosecond amplified pulses [39]. Quantitatively, dispersion effects in doped 
fibres can be characterized by a single param eter D, which is defined as [3 3 , 38]
Z/C (1.1)
Here L  is the fibre length, A is the vacuum wavelength, c is the speed of light in vacuum and the 
integral is calculated along the fibre length. The effective refractive index of the fundamental 
LPqi mode in the core (ngff) includes contributions from bo th fibre dispersion and gain-induced 
dispersion. The sign and m agnitude of the dispersion param eter D  determines the time delay 
in the arrival of different pulse spectral components and hence, e.g., the tem poral broadening of 
the amplified pulse. Depending on the sign of D, it is referred to as either anomalous {D > 0) 
or normal (D <  0) dispersion [38].
The optical Kerr effect is a well known nonlinearity described by the intensity dependence 
of the refractive index [16]. The physical origin of this nonlinearity in optical fibres lies in the 
(nearly instantaneous) population redistribution of the glass molecules electrons in response 
to an intense pulse. This redistribution causes a change in the absorption spectrum, and 
hence leads to variations in the refractive index through the Kramers-Kronig relations [65]. 
F ibre nonlinearity causes self-phase modulation (8 PM) of the optical pulse, i.e., the intensity- 
dependent index changes induce a wavelength chirp and therefore leads to pulse spectrum 
broadening or compression, depending on the initial pulse chirp [66]. This effect leads to 
cross-phase modulation (XPM) of different channels in WDM networks, thus further limiting
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the fibre transmission capacity. The effect can be also significant in a relatively short length 
doped fibre with a small core, since the walkoff between amplified channels due to dispersion is 
small [67]. O ther types of nonlinear effects result from stim ulated inelastic scattering, whereby 
collisions of high energy photons w ith host glass phonons transfer energy from the pulse to 
the bulk, which is em itted through stim ulated emission of lower-energy scattered photons (the 
Stokes pulse) [16]. This process is initiated at a certain pulse power threshold from which the 
generated Stokes pulse s tarts  growing rapidly, and it effectively manifests itself as a significant 
pulse power loss [62]. In addition, Stokes photons are also em itted spontaneously through 
therm al noise [68]. In Ram an scattering, the pulse photons are scattered by vibrations of the 
glass molecules, which have a response time of a few tens of femtoseconds [36, 68]. Thus, the 
measured Ram an gain spectrum  in silica glass can extend up to 40 THz, w ith a peak located 
near 13 THz [62]. W hen the Stokes photons “see” sufficiently high Ram an gain, much of the 
pulse energy is shifted out of the spectral bandwidth of the doped ions gain, thus preventing 
efficient amplification [69]. We note th a t for pulses with sufficiently broad spectrum, the Stokes 
photons cannot be distinguished from the pulse photons, and the effect of SRS appears as a 
downshift of the pulse central frequency [68]. In particular, the Ram an gain can be seeded 
by SPM of a strong amplified pulse to generate SRS-induced broadband continuum spectrum  
spanning tens of nanometers [70]. Similarly, stim ulated Brillouin scattering (SBS) involves 
lower-energy phonons w ith relatively narrow gain bandwidth (e.g., <  100 MHz [64]); therefore, 
it requires pulses with high spectral density th a t generate high Brillouin gain and a Stokes 
pulse with significant power [14]. We note th a t SBS can be effectively suppressed by inducing 
a frequency chirp in the incident pulse th a t sufficiently increases its spectral bandwidth [14] 
and it can be neglected for short enough pulses, e.g., with width <  10 nsec [16, ch. 9]. It is 
worth to mention th a t there are other nonlinear interactions in doped fibres, e.g., param etric 
processes, which require a particular phase matching in order to be significant [16, ch. 10]. 
This condition, however, is no t normally satisfied and, therefore, losses due to these nonlinear 
effects are small compared w ith Ram an scatterings. In conclusion, the spectral and tem poral 
intensity distribution of the propagating pulse depends on the incident pulse intensity, and on 
the complex interplay between various dispersive and nonlinear effects along the fibre.
For practical applications it is thus im portant to control nonlinearities in doped fibres; e.g., 
by scaling down the peak intensity inside the fibre core. This is achieved in several ways with
1.4 Fibre and Pumping Geometry 11
different complexity. One m ethod is to induce chirping and stretching of the input pulse width 
to durations of up to ~  1 nanosecond (i.e., to the quasi-CW regime) so th a t the amplification 
becomes “linear” and distortionless [15, 71]. However, this technique requires complex and 
expensive setup, because of the use of dedicated optical elements th a t can adequately stretch 
and compress the incident and output pulses, respectively [18]. O ther methods to control core 
nonlinearity include shorter fibres with increased nonlinear thresholds and large core diameter 
fibres with reduced power densities [12, 72].
1.4 Fibre and P um p ing G eom etry
We assume a general fibre geometry for bo th  amplifier and laser configurations th a t consists 
of a uniformly doped inner core th a t is surrounded by a dielectric cladding, with a different, 
lower, refractive index. In a single-clad fibre design, the pump light is coupled directly into the 
fibre core [3]. Thus, in such a design it is necessary to use a single-mode laser diode source to 
efficiently couple the pum p light into the small diameter core [9]. Moreover, this configuration 
introduces some limitations on the maximum pump power tha t can be efficiently coupled into 
the core due to alignment problems and the low damage threshold of the laser diode [3].
One m ethod to scale the pump power is to employ a double-clad fibre configuration, as 
suggested by Snitzer et. al. [73], and is illustrated in Fig. 1 .1 . This design has one waveg­
uide (the core) tha t guides the signal, which is surrounded by a much larger lower-index first 
cladding, e.g., hundreds of times larger than  the core area, in which the pump power propa­
gates. The first cladding is surrounded by an outer second cladding of even, lower refractive 
index, to facilitate waveguiding. Consequently, only a small fraction of the propagating pump 
power overlaps the fibre core and excites the RE-ions, enabling pumping of hundreds of watts 
w ithout detrim ental therm al effects [74]. Furthermore, the index difference between the first 
and second cladding can be quite high, e.g., numerical aperture (NA) of ~  0.48, and, therefore, 
the alignment tolerance has no t to be as strict as in single-clad fibres, allowing low brightness 
high-power pump sources. The exact shape of the first cladding in a DCF and its position 
relative to the fibre core are optimized in order to increase the coupling between a large number 
of pum p modes and the fibre core, and therefore reduce the fibre length [75]. Some common 
shapes are the rectangular. D-shaped, and scalloped cladding [3]. Thus, a double-clad config­
uration allows the utilization of readily available, low cost, multimode diode array and broad
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F igu re 1.1: Illustration of the double-clad fibre cross section with a D-shaped first cladding. 
The signal propagation is limited to the core area whereas the multimode pump propagates 
in the area of the first cladding (which includes the core area). The shape of the first cladding 
and its position relative to the fibre core are altered to increase the pump absorption.
area stripe diode lasers with m ulti-watt power emission, as well as increasingly available two 
dimensional arrays of diode lasers stacks [9]. This design was found to be very efficient in the 
realization of high-power fibre lasers and amplifiers [3, 9].
Typically, the core diam eter is limited to ~  10 fim  to allow single-mode operation. However, 
good beam quality can still be achieved using intrinsic multimode core LMA fibres, with a 
low-NA refractive index profile (e.g., NA ~  0.06) that is specially designed to reduce the 
number of guided modes and the bend-loss sensitivity of the fundamental LPqi mode [12]. 
In this approach, the fibre is coiled to discriminate the fundamental LPqi mode from the 
less confined higher-order modes, so th a t the fibre output becomes practically single mode 
[15, 72, 76]. Single-mode operation in LMA fibres can be further promoted by use of a mode- 
selective doping profile which provides higher gain to the fundamental mode [12 , 77], tapering 
at the fibre end for suppression of higher-order modes [78], large cladding diameter to reduce 
the coupling between different modes [18] and splicing to a SMF for the fundamental mode 
selection [79]. Note tha t cladding-pumped LMA fibres are particularly useful for high-energy 
storage and high-power applications, as the large core increases the fibre’s effective mode area 
and damage threshold, and reduces the ASE losses at a particular gain level [78]. A smaller 
core-cladding area ratio also allows more efficient pump absorption, and hence shorter fibre 
lengths with reduced nonlinear distortions.
We restrict our considerations to end-pumping configurations, where the constant pump 
beam is coupled into one end of the fibre, either at z =  0 or a t z =  L. The pump beam excites
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the rare earth ions as it propagates along the fibre, while the signal beam is restricted to the 
fibre core by to ta l internal reflection [80]. The way the signal beam  overlaps with the optical 
gain determines the efficiency of the pumping configuration [25]. We assume th a t the signal 
is injected into the fibre at z — 0 , therefore it is either co-propagating with the pump power 
along the fibre in the positive z-direction (forward pumping) or counter-propagating the pump 
power (backward pumping). We also assume th a t corrugated fibre sections a t the end of the 
doped fibre function as distributed Bragg reflector (DBR) mirrors [81], thus creating optical 
feedback in a laser configuration. The power reflectivities of the two wavelength-dependent 
Bragg reflectors are Ri{X) and ^ ( A )  at z =  0 and z = L, respectively. The use of fibre gratings 
is attractive due to their inherent compatibility with fibre optic systems. For example, gratings 
provide an all-fibre laser by writing them  directly on the fibre, or splicing them  to the fibre 
ends. Also, using narrowband Bragg gratings (e.g, instead of broader band mirrors) allows 
suppressing feedback at the Ram an gain-peak wavelength in CW fibre laser configurations, 
thus significantly increasing the SRS threshold [82]. It is assumed throughout this work th a t 
the output-coupling grating with the lower reflectivity of a laser configuration is at z =  L and 
th a t most of the fibre power is em itted through this end. The fibre pumping configuration is 
illustrated in Fig. 1.2.
1.5 O utline
This work is organized as follows: The spectrally-resolved propagation equation for study­
ing short pulse amplification in doped fibres is derived in Chapter 2. We also present the 
rate-equation models for the various codoped systems, and the propagation equations for the
Pump
■>
Output
Uniformly doped fiber z  = 0 <---------
Figure 1.2: Schematic illustration of the fibre pumping geometry. P+ (z,t) is the forward 
propagating pump power at wavelength Ap, whereas P=^(z, t, A) are the forward and backward 
propagating spectral power densities at wavelength A. Ri(A) and R2 {X) are the wavelength- 
dependent power reflectivities at z=0 and z=L, respectively.
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quasi-CW  regime. We discuss the assumptions made in the derivation of these equations. 
The solution procedures for solving the rate-propagation equations, and approximate quasi- 
analytical solutions for CW NYDFLs, conclude th a t chapter. In Chapter 3 we present and 
discuss numerical results to the spectrally-resolved pulse propagation equation. The topics th a t 
are covered include gain-induced dispersion and nonlinear effects on subpicosecond pulse am­
plification in EDFAs [83, 84], spectrally-resolved SRS of short amplified pulses in EDFAs and 
ultrashort pulse amplification in high-power YDFAs [85]. We next consider the performance of 
high-power codoped fibre lasers and amplifiers in the quasi-CW and CW regimes. In Chapter 
4 we study the transient response of short, high-concentration, gain-clamped EYDFAs to in­
put signal channels being added or dropped [86], whereas in Chapter 5 we consider the  design 
optim ization of high-power NYDFLs [87] under steady-state conditions. Finally, some con­
cluding remarks and suggestions for further research are given in Chapter 6 . The derivation 
of the spectrally-resolved pulse propagation equation is given in Appendix A. In Appendix 
B, we provide finite-difference approximations for the atomic rate-equations of the different 
codoped systems th a t are described in this work. An implicit iterative upwind finite-difference 
scheme for solving the nonlinear pulse propagation equation is discussed in Appendix C. In 
Appendix D, we provide a recursive finite-difference scheme for solving the dynamic spectral 
power densities equations of EYDFAs in the quasi-CW  regime, which takes into account the 
exact boundary conditions a t the fibre ends. The main derivation steps of the quasi-analytical 
solution for CW NYDFLs are described in Appendix E.
Chapter 2
Mathematical Formulation
In what follows we present the rate-propagation model equations for doped fibres, which we 
implement in Chapters 3-5 to study various laser and amplifier applications. In Section 2.1 
we consider the most im portant dispersive and nonlinear fibre effects th a t are detrim ental to 
short pulse amplification in doped fibres and derive the spectrally-resolved pulse propagation 
equation. We also consider the contribution of SRS to pulse amplification. The rate-equations 
for the Er^+-Yb^'*' and Nd^+-Yb^+ codoped systems are given in Section 2.2, along w ith the 
quasi-CW  propagation equations for the pump power and the ASE spectral power densities. 
Finally, in Section 2.3 we discuss exact numerical schemes for solving the rate-propagation 
model equations, under time dependent and steady-state conditions. We also present approxi­
mations to the steady-state equations for the Nd^'*'-Yb^+ codoped system, which enable us to 
derive a simplified quasi-analytical solution for a fibre laser configuration.
2.1 T he Spectrally-R esolved  P u lse P ropagation  A pproach
We consider the general fibre configuration illustrated in Fig. 1.2, where the fibre core is uni­
formly doped with rare earth  ions of concentration N .  The spectrally-resolved power densities 
P=*=(z,t, A) th a t are em itted and amplified due to the dopant ion transitions, propagate in 
bo th the forward (positive) and backward (negative) z direction, w ith a wavelength-dependent 
power filling factor F(A). We neglect the cladding modes contribution to the ASE (i.e., in 
double-clad fibres) as we assume th a t only a small portion of the power guided in these modes 
enters and amplifies in the core. Thus, we assume that F(A) is given by the ratio of the power 
th a t is guided and amplified in the core to the to ta l power propagating in the fibre. We also
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assume th a t unguided radiation modes can be neglected, and tha t the contribution of interfer­
ence of guided modes to the amplified power in the core is insignificantly small for all practical 
values of the fibre V-number [88]. Under these assumptions, an approximate expression for the 
power filling factor T(A) can be derived based on [89, ch. 11], namely
p . . ,  , D |« iW p r i ( A ) s ,
Here U(A) =  J o ^ \ U i { p y  X) f  pdpdip is the modal power filling factor of mode Z, U](p, A) 
is the modal envelope, is the azimuthal angle, and the integral in the transverse p di­
rection is limited to the fibre core pco- It is assumed that Ui{p,X) is normalized to satisfy 
Jq^ J ^  \ Ui{p, X ) f  pdpdcp — 1, and th a t the modal index I =  0 corresponds to the fundamental 
LPoi mode. O ther terms in (2 .1) are gi the modal degeneracy value [90] and a^(A) the modal 
coefficient in the expansion of the to ta l field in term s of the normalized guided transverse 
modes [80]. Thus |a/(A)|^ is proportional to the power carried by the mode Z, and can in prin­
ciple depend also on the spatial coordinate z. To calculate Ui{p,X) for the fundamental and 
higher-order LP modes one can solve the scalar wave equation using the method of separation 
of variables [64, 90]. The physical requirements for the field solutions in the core and cladding 
regions are satisfied by Bessel functions of different kinds. Assuming appropriate boundary 
conditions a t the fibre core-cladding interface, i.e., the tangential field component needs to be 
continuous, leads to an eigenvalue equation whose solutions determine the effective index for 
each fibre mode and its corresponding modal distribution. An approximate analytic expression 
for P^(A) of the fundamental and higher-order LP modes is given in [89, ch. 14].
The pum p power P ^ ( z , t )  at wavelength A =  Ap is coupled into the fibre, as discussed 
in Section 1.4, and propagates along the forward or the backward z direction w ith a power 
filling factor Pp. For single-clad fibres we assume th a t the pum p power filling factor satisfies 
Pp ~  Fo(Ap). For double-clad fibres, we assume th a t due to fibre bending and special double­
clad fibre geometries (cf. Section 1.4), the pump modes mix rapidly along the fibre length [75]. 
In this case, we might assume th a t pump absorption is essentially uniform with an effective 
pump power filling factor th a t is approximately given by the ratio Pp ~  AcoreMdad- Here, 
Acore is the fibre core area and A^ad is the first cladding area (including the core). We note, 
however, th a t the value of Pp can be higher than  this ratio, due to the increased overlap of the 
pump modes with the fibre core in a bent fibre [91, 92].
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The pulse spectral power density per unit wavelength Ps{zR,X)  is injected into the fibre 
a t z =  0, and propagates along the forward z direction. We assume accurate mode matching 
between the incident pulse and the fundam ental LPqi fibre mode. It is also assumed th a t a 
combination of fibre geometries, fabrication conditions and mode selection techniques, favours 
reduced intermodal power scattering, and provides differential gain between the fundam ental 
and higher order fibre modes [15, 72]. Under these conditions, we can consider the pulse power 
to be single-mode at the vicinity of the pulse central wavelength Ag. T hat is, the pulse power 
th a t propagates in the radiation and higher-order modes is much weaker than the power guided 
in the fundamental LPqi mode and thus can be neglected. The coupling of the pulse light field 
with the core can be described by a single param eter, namely the power filling factor Po(A) of 
the fundamental LPqi mode.
2 .1 .1  D is p e r s iv e  a n d  N o n lin e a r  E ffec ts
We assume th a t the pulse power is strong enough to modify the population distribution of 
bo th  the dopant ions and host glass molecules. On the other hand, the power carried by 
the constant pump and ASE is much weaker than  the pulse power and thus its effect can be 
restricted to the dopant ions transitions. The energy levels of the dopant split into manifolds 
due to the Stark effect in a glass host [1]. These energy manifolds can be smeared out due 
to homogeneous and inhomogeneous broadening mechanisms [23]. In this work, we restrict 
ourselves to homogeneous broadening, which is a good approximation for RE-doped fibres 
in room tem peratures [23]. We note th a t because of the small energy spacing A E  between 
the Stark sublevels (e.g., A E  < where /cb Is Boltzm ann’s constant and ^ is the fibre 
tem perature [93]), the characteristic intra-band transitions ra te  in each manifold is very fast 
compared with the pump and stim ulated emission rates; therefore, the atomic population 
w ithin each band is assumed to be therm ally distributed according to the Boltzmann law 
[33]. We also no te th a t in practice the therm alization ra te within each manifold depends to 
a large extent on the properties of the glass host, as well as on the tem perature [5 , ch. 4]. 
Thus, the extent to which the dopan t population deviates from therm al equilibrium during the 
pulse propagation requires further experimental validation. To be on the safe side, however, 
we consider here pulses with duration >  0.2  psec [5, ch. 4]. We also neglect the nearly 
wavelength-independent index contribution from ultraviolet absorption to higher-order energy
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levels [94]. Under these assumptions, the real and imaginary parts of the dopant complex 
atomic susceptibility x d {P)ZR^X) = +  JXd ^ Kramers-Kronig transform pair, and can
be expressed analytically as a linear combination of the absorption and emission cross sections 
weighted by the average population densities in the lower and upper manifolds [2 , 33 , 95];
A) ~  —n —  N2{p^zR)a2i{X) — N i {P^zR) g\2{X) , (2.2)
X d (/^ 5 A) ~  n —  N 2 {P'>zR)â2 i{X) ~  Ni{p^zR)ô-\2 {X) , (2.3)
where n(p. A) is the medium bulk refractive index far from resonances, which for glass fibres is
given by the well known Sellmeier’s equation [96]. The terms N 2 {p ,z, t)  and Ni{p, z ,t )  are the 
atomic populations of the excited and ground manifolds, respectively, th a t can, in principle, 
depend on the radial p direction along the fibre core cross section. Note th a t Ng and A^ i vanish 
outside the core area. The function dij(A) denotes the Kramers-Kronig transform of the 
measured wavelength-dependent cross section aij[X) between levels i and j .  This relationship 
can be expressed as follows [97]
(2.4)A/3-AW 2
where P.V. is the Cauchy principle value of the integral, and A% and Ag are determined by the
limits outside which cr^j(A) becomes very small. The integral is calculated numerically, taking
into account the singularity a t A =  A\ Equations (2.2) and (2.3) approximate the saturated 
dopan t susceptibility which should, in principle, depend also on the individual Stark levels 
transition rates [33, 98]. This approximation, however, was found to be in good agreement 
with experiments, and hold even at high levels of saturation [95]. Thus, the bulk refractive 
index nf includes bo th  linear and nonlinear contributions and is given by
(p, z, t, A) =  M(p, A) 4- M P ,  A), (2 .5 )
where the nonlinear contribution Ôn is given by [33], [65, ch. 16]
(5n(p, z, A) =  —  A/2(p, z, i)ô-2i(A) — N\{p, z, t)âi2{X)
-r?i2 /  \Uo{p,X')fPs{zR,X')dX' .  (2.6)
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Here, ng is the nonlinear index coefficient (in units of W ~^), in the weak saturation limit 
[65]. It is assumed th a t the electronic response is very fast, so th a t this param eter is constant 
within the spectral band of the pulse [68]. The envelope of the fundam ental LPqi mode Uq{P , A) 
is assumed to be weakly dependent on the wavelength within the spectral band of the pulse. 
The first term  on the right-hand side (RHS) of (2.6) is the gain-induced index change, which 
can be derived from the real part of the dopant susceptibility in (2.3) [33]. We note 
th a t the wavelength dependency of the stim ulated emission and absorption cross sections in
(2.6) gives rise to gain dispersion effects [4]. Furthermore, the gain-induced index contribution 
depends implicitly on the pump power, and on the pulse and ASE power densities, through the 
population densities A ^(p,z,^) and A^i(p, z, t). The second term  on the RHS is the intensity- 
induced index change, where the integral is calculated over the bandwidth of the propagating 
pulse [16, 65]. We assume that the nonlinear term  5n is small, so th a t its contribution to the 
modal envelope Z7o(p, A) can be neglected during the pulse propagation [34].
2 .1 .2  P u ls e  P r o p a g a t io n  E q u a tio n
The nonlinear refractive index 5n induces dispersion and chirping of the propagating pulse. 
Further, the pulse is amplified, absorbed, and scattered along the optical fibre, e.g., due to the 
dopan t ions transitions and Rayleigh scattering. All these effects can be included in a unified 
manner in a spectrally-resolved pulse propagation equation by considering the rate  of change 
in the number of photons along the fibre. To this end, we consider the photons equation of 
motion, taking into account the effects of transients in the refractive index on the wavelength of 
streaming photons [99-101]. We assume th a t spatial perturbations in the refractive index along 
the propagation pa th  are small (in consistency with our assumptions on the pulse envelope.) 
We restrict our considerations to the forward propagating pulse, and hence neglect the effects 
of power losses to RBS on the signal source [27]. Under these assumptions, we derive in 
Appendix A an equation for the rate  of change in the distribution of the pulse intensity along 
the fibre. Our final result is the following propagation equation for the pulse spectral power 
density Pg(z,t, A)
=  A ) P s ( z , t ,  A) +  n m r o ( A ) P o ( A ) o - 2 i ( A ) i V 2 ( z , i ) .  ( 2 .7 )
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Here, the function V^ ff (z, i. A) =  [ — A^/c • d{riQ^/X)/ÔA]  ^ is the effective group velocity of the 
pulse spectral component at wavelength A. The effective refractive index A) is defined
in (A18) in Appendix A, and it includes bo th  passive n ^ (A ) and active <5n^(z, t, A) index 
contributions [34]. The effective passive (linear) contribution n ^ (A ) is given by
^&(A) =  27T J n { p ,  X)\Uo{p, X)\^pdp, (2.8)
which can be approximated by the effective index of the fundam ental LPqi mode in the host 
fibre [89, ch. 14]
Here V  = pcokV^A is the fibre V-number (normalized frequency), A =  NA^/2n^ 1 is the
relative index difference param eter and k = 2'fvnjX is the wavenumber in the passive fibre 
[64, 89]. The dimensionless modal param eter Ü depends on the propagation constant of the 
LPoi fibre mode, and it is evaluated from the fibre dispersion relations [90]. The effective 
gain-induced index contribution J n ^ (z ,  t, A) is derived from the first term  on the RHS of (2.6) 
using the variation ^ theorem [80], and is given by
n , w _  ro(A)AA) = 47T N2{z,t)a2i{X) -  Ni{z,t)ai2{X) (2 .10)
The term  Peg(z,(, A) is the effective local gain th a t includes the dopan t contribution from the 
imaginary part of the susceptibility Xb ™ (2.2) and the effective scattering loss a(A) [2,-33];
9eïï{z,t,X) = To{X)[N2{z,t)a2i{X) -  Ni{z,t)ai2{X)] -  a{X). (2.11)
In particular, a{X) represents losses due to bo th fibre scattering (including Rayleigh scattering) 
and fibre coiling [102]. The nonlinearity coefficient 7 (A) in (2.7) is derived from the second 
term  on the RHS of (2.6) by use of the variation theorem, and is given by
7(A) =  (2.12)
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where Aeft(A) is an effective core area defined in (A19) [34]. We no te th a t Aeff(A) depends 
on the modal distribution Z7o(p, A), and hence on the fibre V-number. To calculate Aeff(A), 
we assume th a t the fundam ental LPqi mode envelope is well-approximated with a Gaussian 
function of width w, so th a t Aeff 'Kw{Xf‘ is calculated, e.g., by fitting to the exact field 
distribution [64]. The term  Pq{X) =  2hc^/X^ denotes the contribution of spontaneous emission 
to the power density of a single mode, where the factor of two takes into account the orthogonal 
polarization directions and h is Planck’s constant [61]. Thus, for polarized pulses we use 
Po(A)/2. We assume that spontaneous emission is generated into all nm .modes supported 
by the fibre [79]. We further assume th a t the powers and energy-level populations represent 
averaged values across the fibre core cross section, so th a t (2.7) is independent of the radial 
coordinate p. In practice, the radial distribution of the dopant concentration depends on the 
fibre processing; therefore, our model can no t take into account transverse hole burning effects, 
e.g., due to the saturation a t the peak of Uo(p, A).
Equation (2.7) describes the propagation of optical pulses in doped fibres, in the time- 
frequency domain, and it is referred to as the spectrally-resolved pulse propagation equation. 
This equation, coupled with a set of rate-equations for the atomic populations of the dopant 
ions (as described below), formulate the basis of our spectrally-resolved pulse propagation 
model. We note th a t in con trast to the linear power equation th a t appears in “classical” doped 
fibre theory [5, 23], (2.7) includes additional term s due to the spatial, spectral and temporal 
refractive index variations. The physical meaning of the term s in (2.7) is as follows. The 
first term  on the left-hand-side (LHS) describes how the pulse power changes with distance. 
The second term  on the LHS describes the dispersive and intensity-dependent refractive index 
contributions to the to tal group velocity of the propagating pulse spectral components. T hat 
is, the relative delay acquired between different pulse spectral components, as they propagate 
along the fibre, is bo th spectrally and intensity dependent. The th ird  term  on the LHS couples 
the propagating spectral power densities due to effects of gain and fibre nonlinearity. The first 
term  on the RHS describes the effective gain (or loss) due to the dopant transitions and the 
scattering losses. The second term  on the RHS is the contribution of spontaneous emission into 
the guided modes [24, 61]. It is worth mentioning the difference in the interpretation of the 
pulse energy distribution as derived from (2.7), i.e., T^(z,t, A), and the pulse complex envelope 
as calculated from the solution of the generalized NLSE [16]. In particular, the pulse power.
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i.e., J  Ps(z, t, A)dA, and the pulse spectrum, i.e., /  Pg(z, t, A)di, th a t we calculate, represent the 
projections of many spectrally-dependent tem poral envelopes of the pulse energy components, 
and they are no t derived from a Fourier transform pair.
2 .1 .3  S t im u la te d  R a m a n  S c a tte r in g
Equation (2.7) can be further generalized to include the contribution of Raman scatterings 
within the entire amplified pulse bandwidth. We assume th a t Stokes photons are generated 
through bo th  stim ulated and spontaneous Ram an emission. Thus the propagating pulse en­
counters an effective Ram an gain, which is assumed to be accompanied by a wavelength- 
dependent refractive index change th a t also depends on the pulse intensity. Losses due to 
anti-Stokes generation are neglected, as they are small for the range of incident pulse powers 
assumed in our examples [76]. We restrict our considerations to forward propagating Stokes 
photons, since the threshold for backward Stokes is higher [16, ch. 8] and the pulse is much 
shorter than the time taken to traverse the fibre length [65, ch. 10]. Under these assumptions,
(2.7) can be extended by phenomenologically considering the processes through which photons 
appear or disappear due to SRS from each pulse spectral component, resulting in [28, 103, 104]
%
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The term  A) in (2.13) accounts for the intensity-dependent effective Raman gain, with
a wavelength scaling term  (e.g., Aref/A) [28]. The ratio A'/A results from the different energies 
for the absorbed and em itted photons, i.e., the number of photons is conserved but the energy 
is no t conserved during the scattering. The integral over shorter wavelengths (A' <  A) amplify, 
whereas the integral over longer wavelengths (A <  A') attenuate the pulse spectral components. 
The overlap between the pulse spectral components in these integrals is calculated within the 
self-interaction approximation, i.e., the transverse modal profile and hence the effective area 
A q[^  are assumed to be constant [105]. Also, is the Ram an gain coefficient for the
frequency bandwidth Ai/, measured at wavelength Aref. This param eter depends on the fibre 
glass composition, and its frequency dependence for fused silica is given in [62]. We assume 
th a t the index change <5n^(z,t, A) due to Ram an transitions is associated with the Raman 
gain through the Kramers-Kronig relations, i.e., [97]
A"3 -  A"A2
L
' PR ( T77 — T7 ) * Ps{z, t, A')dA'A" A" A' dA'% (2.15)
where the limits Ai and Ag are determined by the pulse bandwidth. This index change, in turn, 
is associated with a group velocity th a t is given by h ^ (z ,  T, A) =  [ — A^/c • d[ôn^^/X)/dX]
We no te th a t the integrals on the RHS of (2.13) properly account for spontaneous Ram an noise 
with tem perature dependence [103]. It is worth to mention th a t under steady-state conditions 
(i.e., d /d t  = 0) and in the absence of RE-doping (i.e., iV2 =  =  iV =  0 ), (2.13) reduces to
the familiar equation from the CW theory of broad-bandwidth Ram an amplifiers [28].
2.2 The Q uasi-C W  R ate-P ropagation  A pproach
The quasi-CW regime applies to relatively long optical power transients of duration > 1 nsec. 
For such time scales, the rate of change of the spectral power density along the fibre can 
be derived either phenomenologically, or by considering similar arguments to those given in 
Appendix A. We assume th a t the spectral width associated with the tem poral changes in the 
power density is very narrow compared to the central frequency, so th a t the power density
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can be considered to be approximately monochromatic. Nonlinear effects (such as SBS, SRS 
and nonlinear index contributions) are not included, since recent experiments have shown th a t 
they are relatively weak for the range of powers and fibre geometries th a t are assumed in our 
high-power examples [106]. Under these assumptions, we derive the time-dependent equations 
for the pump power P ^ (z , t) and the spectral power densities f  ^ (z , t, A) along the fibre, which 
are presented in the following sections.
2 .2 .1  C o d o p e d  S y s te m
We assume th a t the fibre core is uniformly doped with Er^+ and Yb^+ with concentrations 
Nei- and Yyb, respectively. Our model for Er^+-Yb^"^ codoped fibres takes into account pump 
absorption by bo th  kind of ions, forward and backward energy transfer, amplified spontaneous 
emission, and scattering losses of the signal and pump photons [50]. Pum p photons are ab­
sorbed by Yb^'*' and Er^+ ions in the ‘^ Fj / 2  &nd '^/i5/2 states, exciting them  to the ^F^ / 2  and 
"^/ii/2 states, respectively (see Fig. 2.1). We also consider the contribution of direct excitation 
of Er^+ ions in the ^I i5 / 2  state to the ^ I u / 2  state  by the pump photons. In the forward en­
ergy transfer process, an excited Yb^"^ ion in the state  drops nonradiatively to the '^Fj/ 2  
ground state, giving its energy to an Er^+ ion in the ^ /i5/2 ground state. This Er^+ ion is then 
excited to the ‘^ /n /2 state. We note the large spectral overlap between the Yb^+ emission and 
the Er^ "*" absorption results in an efficient resonant energy transfer [21]. In a similar way, we 
consider the backward energy transfer from Er^+ to Yb^*^.
Our model assumes physical clustering of Er^+ ions. T ha t is, the fibre core contains two 
types of ion populations, namely homogeneously mixed Er^+ and Yb^"^ ions [see Fig. 2.1(a)], 
and a clustered population of Er^+ ions [see Fig. 2.1(b)] th a t are no t coupled to the Yb^+ ions 
and therefore are not excited by the Yb^+ energy transfer [7, 50]. The fraction of Er^+ ions in 
clusters is given by /cEr- We consider up conversion of Br^+ ions, which effectively reduces the 
^Fi3/2 state population. In this process, one excited Er^+ ion in the ^Ji3/2 state transfers its 
energy to another excited Er^+ ion nonradiatively, producing an excited ion in the ^Iq/ 2  state, 
and deexcited ion in the ^ /is /2 ground state  [107]. The excited Er^+ ions in the '^/g/2 state 
decay immediately, via phonon coupling, to the ^ I u / 2  state, i.e., we assume V4 ~  0 [1]. It 
is assumed that an energy transfer mechanism allows an excited ion to interact with a larger 
number of ions than  its direct neighbours. Thus, we model the homogeneous and intra-cluster
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F igure 2 .1 ; Energy-level diagram for the Er^+-Yb^+ codoped system, a) A homogeneous 
Er3+_Yb^+ system, b) A clustered Er^+ system. Note the different notation for the Er^’*' 
populations in clustered and in unclustered systems.
upconversion of Er^+ ions by using a quadratic term  in the rate-equations [26], w ith rate 
coefficients C2 and C2 , respectively. These quantities depend on the  average distance between 
the Er^+ ions and therefore on the Er^+ concentration. In particular, the coefficient C2 depends 
strongly on the host glass properties [58], e.g., it is significantly smaller in phosphate-based 
fibres compared with the corresponding param eter reported for silicate glass [107]. The value 
of the coefficient C2 is inferred from transmission measurements in Er^'’"-doped fibres [108]. 
We no te th a t some authors assume th a t only one Er^+ ion in a cluster can be in the excited 
^ /i3/2 state  a t a given time, and describe the interaction between clustered ions using a fast 
nonradiative term  in the rate  equations [109, 110]. Both models, however, yield comparable 
results in the lim it of large clusters [26]. It is also w orth mentioning th a t the inversion dynamics 
in Er^+-doped fibres was analyzed with a model based on a random distribution (i.e., statistical 
clustering) of the Er^+ ions, where the separation distance determines the upconversion rate. It
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was demonstrated, tha t bo th  the statistical and physical clustering assumptions allow accurate 
calculations of high-concentration EDFAs [111]. The cross-relaxation coefficients R qi and 
tor the forward and backward Yb^’^ -Er^'^ energy transfer process, respectively, are assumed 
to be of the same m agnitude [7] and to depend linearly on the Yb^+ concentration [107]. We 
note th a t Yb^+ has only two levels th a t are relevant for optical wavelengths, and therefore it 
is less vulnerable to quenching mechanisms. Thus, the effect of few Yb^+ ions in clusters is to 
absorb the pump light and somewhat reduce the conversion efficiency [48]. It was suggested 
th a t the existence of Yb^*^ clusters and cumulative energy transfer losses to the Er^"^ -^^ 13/2 
state  can be significant in silica-based EYDFAs [112]. However, further experimental da ta  are 
required to elucidate the relative strength of these loss mechanisms in the high-concentration, 
phosphate-based EYDFAs th a t are assumed in this work. To be on the safe side, we restrict 
the calculations to relatively low Yb^+-Er^+ ratios, e.g., iVyb/YEr <  5 , so that every Yb^+ 
ion can be assumed to be coupled to the nearby Er^+ ions only [22]. We also neglect losses 
due to ESA from the ^ /i3/2 state, which are no t significant for the range of signal and pump 
wavelengths considered in this work [1]. Taking into account these assumptions, the set of time 
dependent rate-equations for the homogeneous and clustered ion populations is given by [50]
_ w^i{z,t )N2{z,t)Ot 732 TEr
+  Wi2{zR)Ni{zR) -  2C2Y |( z , t ) ,  (2.16)
— N^{zR) = -----^   ^ +  W i3(z, t)A/'i(z,t) H- R qiN i {z R)N q{zR)
R35N3{zR)N^{z,t) +  C2N^{z,t),  (2.17)
TYb— N q { z R )  — --------- -^----h W56(z,Z)A'5 (z,t) - W Q y > { z R ) N Q { z R )
— R q\ N i {zR )N q(z R) +  7^35^3 (z ,t)F /s(z ,t) , (2.18)
Ni{zR) d- N 2 {zR) + Nz{zR)  =  (1 -  /CEr)AEr, (2.19)
N^{z, t) -f- N q{z , t) =  Ayb, (2 .20)
ot  732 TEr
-  W 2 i{ zR)N 2 {z,t)  -b Wi 2 {zR)Ni{z, t )  -  2C2Â |( z , t ) ,  (2 .21)
^ N z { z , t )  = +  W i3(z ,t)W i(z ,t)  -f-C2iV |(z ,t) , (2.22)
iV i(z,t) + iV 2(z ,t)  -fiV3(z ,t)  =  /CErA^ Er, (2.23)
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where tei- and ryb are the spontaneous emission lifetimes of the and ^^5/2 states, re­
spectively, and T32 is the nonradiative relaxation lifetime of the state. The Wim term s
in (2.16) and (2 ,21) represent stim ulated transition rates between levels I and m  of the Er^"^ 
ions, respectively, which depend on the pum p power P ^ (z ,t ) ,  pulse spectral power density 
Ps{Zyt,X) and on the ASE spectral power density P ^ ( z ,t ,  A) em itted by Er^"^. In particular, 
W 1 2 and W21 are absorption and emission rates given by
— 1 F  ^im(Ap) [P ^ (z , t) +  Pp (z,t)]Ap
/Z C /ic o re
^  l ï c l ~  J  ^o{X)(Jim{X)Ps{z,t,X)XdX
~^hcA—  y * r(A )( j/^ (A )[P + (z ,f ,A )-fP “ (z ,t, A)]AdA, (2.24)
where the limits of the integrals are set by the cross section of the '^/i3/2 - ^A5/2 transitions 
of Er^+ ions. The Wij term s in (2.17), (2.18) and (2.22) represent stim ulated emission rates 
between levels i and j  th a t depend on the pum p power and on the ASE spectral power density 
em itted by the Yb^+ ions. In particular, W1 3 , W q^ and Wes are the Er^+ and Yb^"^ pump 
absorption and pump emission rates, respectively, given by
-o-û(A p)[F^(z,t) 4- Pp~(z,t)]Ap/ IC^QQl'Q
+ J r { \ ) a i j ( \ ) [ P + ( z , t , \ )  + p - ( z , t , \ ) ] \ d \ .  (2.25)
Here the spectral limits of the integral are determined by the cross section of the ^Ps/2 - ^P?/2 
transitions of Yb^+ ions, and the cross section of the ^ J n /2 - '^dis/2 transitions of Er^+ ions. 
In this work we consider the ASE power induced by the ^7^/2  “ ^^7/2 transitions of Yb^'*' 
ions in the range of ~  900 nm to 1060 nm, and the ASE power induced by the ‘^ /i3/2 - ‘^ /i5/2 
transitions of Er^+ ions in the range of ~  1400 nm to 1650 nm. The rates of change of the 
spectral power densities and the rate  of change of the pump power are given by the following 
linear equations:
, d P ± r(A) (^T2i(A) [V2(.2:, t) 4- Ÿ2(z, t)] — [<ji2(A) 4- cTi3(A)][Ai(z,t) 4- iV^ i(z,t)]
+  [<765(A) 4 -CT56(A)]F/6(z,t) — (756(A)Ayb^ — 0:(A) P ^ (z , t. A)
4 -rse(A)Po(A) (721 (A) [Af2(z, t) 4- N2(z, t)] +  <765(A)W6(z, t) , (2.26)
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dP:^ r /
=  rp ^O -5 6 (A p ) +  CT65(Ap)]iV6(z,t) -  CT56(Ap)iVYb +  (721 (Ap) [N2{zR) +  N2{z,t)]
— [<7'i2(Ap) +  <7i3(Ap)] [iV i(z ,t)-f iV i(z,t)]^ — a(A p) P^{zR) ,  (2.27)
where d P ^ ( z ,A ) / d z  =  d P ^ jd z d z  (neff/c)5P^/(9Z:. In (2.26), we assume th a t spontaneous 
emission events due to the inverted Er^+ and Yb^+ ions are equally likely for all propagating 
modes. Thus the fraction of spontaneous emission power th a t is coupled into all guiding modes 
is given by [89, ch. 11]
rse(A) =  ^ F z U (A ) , (2.28)
I
where the summation is over all the excited modes. Equations (2.26) and (2.27), coupled to 
the rate-equations (2.16)-(2.23), constitutes our theoretical model for the Er^"*"-Yb^+ system. 
By substituting iYyb =  0 into (2.20), (2.26) and (2.27), our rate-propagation equations reduce 
to modelling the dynamics of Er^+-doped fibres.
2 .2 .2  Nd^^-Yb^^ C o d o p e d  S y s te m
In this system the Nd^+ and Yb^+ ions are uniformly doped over the core cross section w ith 
concentrations iV^d and iVyb, respectively. Similar to the previous system, our model includes 
forward and backward energy transfer between Nd^+ and Yb^ "** ions, cross-relaxation of Nd^+ 
ions, and Nd^+ and Yb^”*" single-ion transitions (see Fig. 2.2). We note th a t unlike the Er^+- 
Yb^+ system, where the main energy transfer channel is from the Yb^+ donors to the Er^+ 
acceptors, here the Yb^+ ions are the energy acceptors from the Nd^+ donors. It is assumed 
th a t the Yb^+ ions are coupled with Nd^+ ions through a dipole-dipole type interaction [20]. 
However, some of the Nd^+ ions form clusters, in particular in high Nd^+ concentration fibres 
[113, 114], and these clustered Nd^'"' ions are no t coupled to the Yb^"^ ions. In a Nd^+ cluster, 
the cross-relaxation process of the Nd^+ ions is accelerated since the average distance between 
Nd^+ ions is relatively small [114]. We also assume th a t the populations of the Nd^+ manifolds 
^Fi5/ 2, ^I\3 / 2  and ■^/n/2 are virtually empty, due to the short nonradiative transition times of 
these levels. Therefore, we impose A 3 =  Y 2 — ~  0 (and equivalently = N 2 = N\  ct 0
for the clustered populations; cf. Fig. 2.2). The pump photons are absorbed by the Nd^+ ions 
in the ground state ‘^ Jg/2 , exciting them  to the “^ ^5/2 state, from where they instantly decay
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Figure 2,2: Energy-level diagram for the Nd^+-Yb^+ codoped system: (a) a homogeneous 
Nd^ '*‘-Yb^‘^  system and (b) a clustered Nd^ "*" system.
to the '^^3/2 state. Pum p photons are also absorbed by the Yb^"b ions in the ground state 
^F7/ 2, exciting them  to the ^F^/2 state. The energy transfer from Nd^+ to Yb^+ is a two step 
process: an excited Nd '^*' ion in the '^^3/2 state drops down to the ^ I u / 2  (or ^ h / 2 ) s tate in 
a nonradiative transition, giving its energy to Yb^+ ion in the ^Fy/2 ground state. The Yb^+ 
ion is then excited to the ^F^/2 state. Similarly, we consider the back-transfer of energy from 
excited Yb^+ in the ^F^y2 state to an excited Nd^+ in the ^F^/2 state. Cross-relaxation in the 
Nd^+ system effectively reduces the "^F)/2 s tate  population. In this process, one excited Nd^“b 
ion in the ^^ F^ y2 s tate  transfers its energy nonradiatively to a Nd^+ ion in its ground state, 
producing two Nd^+ ions in the ^I\^j2 state  from where they immediately drop to the ground 
state. We note tha t this cross-relaxation process is the reverse of the upconversion process in 
the Er^+ system [1]. Losses to the state  by ESA of pump photons or by upconversion
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to higher-level manifolds are neglected, due to the small population of this manifold. W ith 
these assumptions, the population densities of the homogeneous and the clustered excited ions 
satisfy the following rate equations:
TNd +  t) -\- W4o(>2j t) ■+• W4i ( 2:, €)
+  Wq4{z , t )( l  — k]^d)NNd — ^ 45^ 4 (2:, t) [TVVb — N q{z , t)] 
+  ~  -^40^ 4(2:,^)] [(1 — fcNd)ANd “  )
Tyb 4- W56(z,t) 4 -W65(z,t)
4- 14/56(2:, t)NYh 4- ^ 45^ 4(2;, t) [AVb — N q{z , t)] 
— R6oNQ{z,t) [(1 — feNd)-YNd — N4{z,t)],
dt N4{z,t)  =  -N4[z^t) TNd 4- 14/04(^5 4- 14/40("Z^, 4- 1441(2:, i)
4- Wo4 (^, ^)fcNd-^Nd — -^40^1  (2:, t) [%d-^Nd ~  ^ ( ^ ,  i)]
(2.29)
(2.30)
(2.31)
Here rNd is the spontaneous emission lifetime of the '^^3/2 state, which includes all channels of 
decay to the ground state, and is the fraction of Nd^ "*" ions in clusters. The conservation 
relations (l-A:Nd)-^Nd =  A ^(z ,t)4 -A ^(z ,t), A^ Nd-^ Nd =  No{z , t )+N4{zR)  and fVyb =  N 5 {z,t)-{- 
NQ{z,t) were used in order to eliminate No{z,t), No{zR) and N 5 {z,t) from (2.29)-(2.31). The 
forward and backward cross-relaxation coefficients are given by F 45 and Rgq, respectively. We 
consider resonant energy transfer between Nd^+ and Yb^+, i.e., we neglect the contribution of 
phonon-assisted transitions between these two ions. Under this assumption, we can employ the 
Forster-Dexter model [21] for dipole-dipole interactions, in order to estimate the forward cross­
relaxation coefficient for the Nd^+-Yb^+ codoped glass (see, e.g., [115]). Assuming nearest 
neighbors interactions, F 45 is estim ated from [116]
R45 47T TNd (A^ Nd 4- iVYb)^m (2.32)
where ro is a critical interaction distance for the Nd^"^-Yb^+ forward energy transfer. This 
param eter depends on the spectral overlap of the Nd^+ emission and Yb^+ absorption cross
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sections, and is evaluated from [21]
where Qyb is the area under the absorption cross section of Yb^ "*" ions (in units of m^ J), F^d 
and Fvb are the normalized line shapes of the Nd^+ emission and the Yb^+ absorption cross 
section, respectively, and E  is the energy. In a similar manner, an expression for R qq can be 
derived. O ther cross-relaxation coefficients in (2.29)-(2.31) include the homogeneous and in tra­
cluster rates F 40 and Â40, respectively. These rates cannot be derived from the Forster-Dexter 
model, due to the poor information on the ^/g/2 - transition cross section. We therefore
assume th a t the critical interaction distance rg for cross-relaxation among homogeneous Nd^ "** 
ions is of the same order of m agnitude as the corresponding param eter for the Nd^^-Yb^""" 
cross-relaxation. The value of R 4 0  is calculated from transmission measurements in Nd^+- 
doped fibres [108].
The terms W04 and W40 in (2.29) and (2.31) stand for the Nd^+ absorption and stim ulated 
emission rates, respectively, while the term s W56 and Wq5 in (2.30) are the corresponding rates 
for the Yb^+ ions, respectively. These term s depend on the pump power, the pulse power 
density and the ASE spectral power density em itted by the Nd^"^ and Yb^+, and are given by
Wij (z, t) — , /  ^ij (Ap) [Pp {z, t) -f Pp {z, t)] Aj
+ 1 ^ ----  / r ’o(A)CTy(A)Ps(2,i,A)AdA
+  /icico-e / +  (2.34)
The summation in (2.34) is over the multiplexed pump powers, while the limits of the integrals 
are defined by the cross section of the ^Fg/2 - ^ h / 2  transitions of Nd^+ ions, and the cross 
section of the ‘^ F^ / 2  - ^Fy/2 transitions of Yb^+ ions. The stim ulated transition ra te  W41 in
(2.29) and (2.31) accounts for power em itted by the excited Nd^+ ions into the pulse and ASE 
spectral power densities. It is given by
% (^ ,;^ )  =  y  ro(A)(T4i(A).a(z,^, A)AdA
+  feoicce /  A)] A dA, (2.35)
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where the limits of the integrals in (2.35) are determined by the cross section of the " 
‘^ /n /2 transitions of the Nd^"b ions. In the following, we assume th a t the ASE bandwidth is 
in the range from ~  840 nm to 1160 nm. We note th a t the Nd^+ transitions ^Fgy2 ” "^ -^ 13/2 
~  1300 nm can also con tribute to the ASE power, but we found th a t this contribution is small 
for the range of param eters assumed in this work and, therefore, it is neglected. The rate of 
change of the spectral power densities and the pump power along the fibre are given by the 
following linear equations:
, dP ±  
dz
± -
+
dP ±p
dz
+
r (A ) QcT4o(A) +  <741 (A) +  <7o4(A)] [N4{z,t) +  ^ 4 (2 , f)] — CrQ4{X)N^ d
T  [(756(A) +  <765(A)]A%(z,t) -  (756(A) A y b )  ~  «(A ) P ^ ( z , F  A)
rse(A )Po(A ) ^[(740(A) +  <74i ( A ) ]  [ ^ 4 (2 ,^) +  ^ 4 (2:, f)] +  <765(A)A/6(z,f:)^, (2.36)
rp ( [o - 4o(Ap) +  (704(Ap)] [N4{z,t) +  N4(z,t)] -  cro4 (Ap)A^Nd 
[0-56 (Ap) +  (765(Ap)]N6(z,t) -  (756(Ap)Yyb) “  ^(Ap) P^(z , t ) .  (2.37)
Equations (2.36) and (2.37) coupled to the rate-equations (2.29)-(2.31) constitute our the­
oretical model of light amplification in Nd^+-Yb^+ codoped fibres. We note th a t the rate- 
propagation equations for pure Yb^^^.ç^oped fibres are obtained by substituting ATncI =  0 into
(2.29)-(2.31), (2.36) and (2.37).
2.3 Solution  M eth od s to  th e M odel E quations
The nonlinear system of partial differential equations describing the propagation of photons 
in a doped fibre, coupled with a set of rate-equations for the different ion populations, are 
solved numerically using finite-difference methods. In what follows, we restrict our discussion 
to upwind differencing methods, which are found to produce more stable solutions to the 
pho ton transfer equations [5, 117]. To increase the numerical accuracy of our calculations, 
we employ two staggered grids for the photons and for the ions equations. The two grids are 
shifted by half time step A t / 2 and half spatial step Az/2 ,  with respect to each other (see Fig. 
2.3). We assume equally spaced intervals along the z-axis with spatial grid z^ = {k — l ) A z  
{k — 1 , 2 , Ajmax), equally spaced spectral intervals with wavelengths A; =  Amin + {I ~  1)AA 
{I =  1,2, ...,fmax) and a tem poral grid tn = {n -  l ) A t  {n = 1,2, ...,nm ax)- Here, Amin is the
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Figure 2.3: The two grids used for the numerical solution. The solid line represents the
photons grid with the first vertical line at z =  0 (& =  1) and the last vertical line is at z =  T 
{k =  fcmax)- The first horizontal line is at t =  0 (n =  1). The dashed lines represent the ions 
grid that is shifted with respect to the photons grid. Note that k — I does not exist in the 
ions grid. The dashed-dot arrow shows the integration path along the grid for the spectral 
power density at wavelength A =  (A)'.
lower limit wavelength of the spectral window. The steps in space Az, in wavelength AA and in 
tim e A t are chosen small enough to ensure relative numerical accuracy of better than  1 x 10~^.
In order to find the ion populations along the ions tem poral line n, we assume th a t all ion 
populations along the ions line n  — 1 are known. We assume th a t the pho ton densities along the 
photonic line n  — 1 are also known. We then replace the integrals in (2.24) and (2.25) (for the 
E];3+_Yb3+ system) or in (2.34) and (2.35) (for the Nd^'^-Yb^'^ system) by the sum over the 
spectral channels. The rate-equations are integrated, starting from the initial steady-state ion 
populations at i  == 0 (n =  1). In each spatial integration step, we solve the system of nonlinear 
rate-equations using the Newton-Raphson m ethod [117]. The finite-difference approximations 
for the rate-equation systems are derived in Appendix B.
2 .3 .1  Im p lic it  M e th o d  for t h e  P u ls e  P r o p a g a t io n  E q u a tio n
The numerical solution of the pulse propagation equation [Eq. (2.13)] for the forward prop­
agating pulse spectral power densities can be extremely time consuming, due to restrictions
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imposed by the short pulse duration and by the required numerical accuracy on the spatial 
and tem poral resolution [118]. For short pulses (i.e., less than  ~  1 nsec), we assume th a t the 
effect of transients in the pump and ASE powers on the dopant population can be neglected 
during the pulse propagation. Under this assumption, (2.13) can be described in a retarded 
time frame moving in one direction w ith a  constant reference group velocity [16, ch. 2]. 
The value of 1^ ^®^  is determined by the spectral dependency of the effective refractive index 
^eff 3'Cross the pulse bandwidth. Defining a reduced time T  = t — (2.13) is transformed
into the following equation:
dz + +  1C 7  — A-
%
+ + eff +  7 / f " )l (c \  dT ' dT
9 e f ï i z , T , X )  4 - g ^ ( z , T ,  A ) P s  +  n m T o { X ) P o { X ) a 2 i { X ) N 2 { z , T )
^rei+  nmPo(A) /* -------r r ‘9RJy<x ^eff A
1 +
— Tit
exp [hc(l/A ' — l/A)/feB^] -  1
A - -\A  A^
dV
^ (z ,T ,A ) 1 + 1exp [hc(l/A  -  1/A ') //cb^] -  1 dV. (2.38)
Thus the dispersion of the propagating pulse spectral components is calculated in the retarded 
tim e reference frame. Equation (2.38) is supplemented with initial and boundary conditions 
th a t are derived from the steady state  solutions and the jo int distribution of the incident pulse 
spectral power density in the hybrid time and wavelength space, namely Ps{z — 0,T, A). It 
is assumed throughout this work th a t the incident pulse shape at z =  0 is a linearly chirped 
Gaussian th a t is centered at T  =  0. In this case, the incident pulse complex amplitude A{T)  
can be written as [64, 119]
4 ( D  =  y ^ ( ^ ) " e x p
■^0 (2.39)
where C  is a chirp param eter, Us the pulse frequency and E q is the incident pulse energy. We 
approximate E q by the product of the pulse peak power and the pulse width (FWHM) Tq.
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Equation (2.39) is transformed into the spectro tem poral domain using the Wigner distribution, 
i.e., Fs(* =  0 ,T ,y ) =  1/27T. A'‘(T  -  T'/2)exp[-jT'2wu]A(T  +  T'/2)dT' ,  resulting in
[60, 119]
P s ( z  =  0, T, A) =  exp 4 T U n2  TT^ c^  -  A -  AA2q In 2 V J  A2A2 . (2.40)
We note th a t the distribution (2.40) is positive, and th a t it satisfies the energy conservation con­
dition, i.e., f f  Fs(z = 0 ,T , A)dT dA =  E q, as required. In the mixed pulse representation, the 
Wigner distribution of a chirp-free (i.e., C  =  0) incident Gaussian pulse is well-approximated 
by a transform-limited bell-shaped surface centered at (T =  0, A =  As). Making the inci­
dent pulse more chirp-like (C <  0 or (7 >  0), the incident distribution mean wavelength, i.e., 
f  \Ps{z = 0 , r ,  A)dA/ f  Ps(z = 0 ,T , A)dA [119], varies in time, which appears as a shear along 
the tim e axis. It is worth to mention, however, tha t the incident pulse can be resolved also 
w ith o ther time-frequency distributions th a t satisfy the physical margins [119].
To solve (2.38), we transform  it into finite-difference equations by dividing the pulse band­
width into channels of w idth AAg. A nonlinear iterative algorithm is' employed in order to 
solve the coupled equations for the pulse spectral power densities, along every tem poral pho­
tonic line n. To this end, we assume th a t the ion populations along the ions tem poral line 
n  are already known. For each n  and k steps, we iteratively solve a tridiagonal system for 
the spectral components, until convergence is achieved [120]. In Appendix G we discuss this 
implicit numerical procedure, along w ith the finite-difference approximation to (2.38). We note 
th a t the numerical stability of the scheme depends on the pulse power a t the boundaries of 
the spectral window, which has to be sufficiently small in order to ensure th a t the effects of 
numerical “reflections” from these boundaries are negligible. This is achieved by employing a 
large enough spectral window w ith strongly “absorbing” spectral boundaries.
2 .3 .2  R e c u r s iv e  M e th o d  for th e  Q u a s i-C W  A p p r o x im a tio n
To solve the propagation equations for EYDFAs in the quasi-CW approximation [Eqs. (2.26) 
and (2.27)], we divide the spectral band into channels of width AA =  1 nm. We further divide 
the signal bandwidth into channels of width AAg, where AAg <K AA. We then solve (2.26) 
twice for all channels of interest: once for the signal with incident power injection, and once 
for the ASE without power injection. Thus the power at a signal wavelength Ag is given by
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P ^{z , t )  = P^{z^t ,  Xs)AXs, where f A g )  is the power calculated in the former case. The 
following boundary conditions are imposed on the forward and backward power densities:
P~^{z = 0, t, A) =  Ri{X)P~{z = 0, t, A), (2.41a)
f  -  (z =  jL, A) =  % (A )f+ (z  =  i:, A). (2.41b)
We assume th a t the DBR mirrors have very narrow grating bandwidth, e.g., ~  0.1 nm [81], 
so it is sufficient to consider only a single wavelength reflectivity by the boundaries [121]. 
In this case, the mirror power reflectivities are approximated by Rj{X) Rji^s)  for bo th  
mirrors j  — 1, 2, and the reflected power P ^{zR)  a t the lasing wavelength Ag represents an 
average over the excited axial modes within the bandwidth AAg. We no te tha t in the case
of very short fibres, e.g., few centimeters long, the axial mode spacing (6A =  X^f2Ln  [57])
becomes comparable to the grating bandwidth, and the number of resonances th a t fall within 
a channel bandwidth AAg is particularly small. In solving the quasi-CW  propagation equations 
we assume no direct coupling between the amplified light spectral power densities. Thus, we 
transform  (2.26) and (2.27) into an explicit finite-difference form for the power densities along 
the photonic tem poral line n. In Appendix D, we provide the details of our derivation, including 
a recursive integration procedure th a t takes into account the given boundary conditions (2.41).
2 .3 .3  S te a d y -S ta te  S o lu t io n s
Under steady-state conditions we substitute d /d t  =  0 in the coupled rate-propagation equa­
tions (2.16)-(2.21), (2.26) and (2.27) for the Er^+-Yb^+ system [or (2.29)-(2.31), (2.36) and 
(2.37) for the Nd^"^-Yb^+ system]. In this case we solve iteratively for the pump power and the 
spectral power densities channels in bo th  propagation directions: we first integrate the equa­
tions from the boundary z — 0 m  the positive direction, assuming th a t the backward channels 
are known from the previous iteration. Then we reverse the integration direction, assuming 
th a t the forward channels are known. We no te th a t the powers at the boundaries z = 0 and 
z — L  are updated according to (2.41). The populations of the homogeneous and clustered 
ions are updated on each integration step Az along the fibre. For the Er^+-Yb^“*'-codoped 
fibres, the population densities N^iz)^ Ag(z) and N q{z) cannot be solved analytically due to 
the nonlinear term s in (2.16)-(2.18). Thus, we solve an implicit equation to obtain these pop­
ulations. We note th a t the population densities of the clustered Er^'*' ions, namely ^ ( z )  and
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can be calculated analytically by reducing (2.21) and (2.22) to a quadratic equation. For 
the Nd^+-Yb^'^-codoped fibres, we solve the populations analytically by reducing (2.29) and 
(2.30) to a cubic equation and (2.31) to a quadratic equation, for the unlmowns Ni{z),  Nq{z) 
and N 4 {z), respectively. This procedure is carried iteratively until all the spectral channels 
converge to a steady-state solution [121].
2 .3 .4  A p p r o x im a te  Q u a s i-A n a ly t ic a l  S o lu t io n
In the case of short fibre lasers the iterative procedure described above requires hundreds of 
iterations until convergence [57]. An approximate solution is achieved for the CW fibre laser 
configurations, which reduces the exact numerical model to a smaller number of differential 
equations resulting in simple analytical relations for the atomic populations. These approx­
im ate equations can be solved with much shorter computation time compared to the exact 
numerical solution. In this work we extend the approximate quasi-analytical models for single­
doped Nd^+- or Yb^+-doped fibre lasers [121] and Er^+-Yb^+~codoped fibre lasers [53, 57], to 
the Nd^"^-Yb^+ codoped system. The approxim ate model assumes th a t Nd^+ ion-ion inter­
actions can be neglected, so th a t all the Nd^"^ ions are coupled to Yb^+ ions (fend — 0), and 
the cross-relaxation rates are negligibly small, i.e., jR4o =  R 40 ~  0. Furthermore, because of 
the smaller overlap of the Yb^ "*" emission band with the Nd^"^ absorption band, the backward 
energy transfer from Yb '^*’ to N d^ t is considerably weaker than  the forward energy transfer, 
and thus can be safely neglected, i.e., Rgo — 0. Also, we assume strong pumping conditions 
and high enough power reflectivities so th a t the laser power P^{z)  is strong enough to allow 
us to neglect the effect of the ASE on the gain. In this case, the gain of Nd^+ and Yb^+ ions is 
strongly sa turated, and we have A^(z) A^d and Nq{z) C  Nyh- Under these assumptions,
(2.29)-(2.31), (2.36) and (2.37) become considerably simpler, as described in Appendix E. In 
particular, we obtain a closed-form solution to the propagating laser power 7 ÿ (z ) , namely
P ± (z) -  i  [ V » ( i y + B 2  ±  , (2,42)
where the constant param eter B  and the function ^ (z )  are defined in (E ll)  and (E12) in 
Appendix E, respectively. The function ^ (z )  is calculated in the following way. We numerically 
integrate (E19) from z =  0 to z =  L, along the fibre axis [117]. Assuming tha t the variables 
are all known a t point z, the pump power P ^ {z  -f Az) for a single integration step from
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z to z +  Az is given by the approximate analytic expression (E13). We then calculate the 
population densities AQi(z +  Az) and N q{z  +  Az) from (E14) and (E15), respectively. Once 
these populations are known, the functions /Nd(^ +  Az) and fyhi^  +  Az) and the small signal 
gains gQ^{z +  Az) and p ^ ( z  +  Az) are evaluated from (E5) and (E8) and (E6) and (E9), 
respectively. An iterative calculation (e.g., using bisection m ethod [117]) is required to find 
^ (0 ) th a t satisfies the boundary condition (E20), since it is given in implicit form. This whole 
procedure, however, is significantly faster and simpler than the numerical solution of the exact 
equations [i.e., (2.29), (2.30), (2.36) and (2.37)]. In Chapter 5 we discuss the validity of the 
assumptions leading to the approximate quasi-analytical model and its accuracy.
Chapter 3
Pulse Amplification in 
Rare-Earth-Doped Fibres
In this chapter we apply the spectrally-resolved pulse model th a t was derived in Section 2.1 to 
the study of pulsed RE-doped fibre amplifiers. In particular, we examine the effect of different 
design param eters on the spectro tem poral properties of the amplified pulse. Pulse amplification 
in single-clad EDFAs is analyzed in Section 3.1, for different fibre dispersion regimes. In Section
3.2 we extend our discussion to high-power, cladding-pumped YDFAs. Finally, we draw our 
conclusions in Section 3.3.
3.1 Er^+-Doped P ulsed  Fibre Am plifiers
Ultrashort pulse amplification in EDFAs is an im portant research field for applications of 
high-speed all-optical communication systems in the technologically im portant 1.55 yum range 
wavelengths. EDFAs have a wide gain bandwidth, e.g., greater than  30 nm in the C-band, 
and high peak gain exceeding 30 dB [4]. These excellent properties were employed to support 
pulse amplification in the subpicosecond regime, and to dem onstrate incident soliton narrow ing 
and parabolic pulse generation in the anomalous and normal dispersion regimes, respectively 
[69, 122]. For such short pulses, resonant dispersion effects associated with the Er^+ inversion 
are an im portant amplifier design consideration [123]. In particular, the combined effects of the 
finite gain bandwidth of Er^"^ ions w ith the gain dispersion and fibre nonlinearity, can severely 
distort subpicosecond pulses [29]. Additional limit to the energy scaling and achievable peak 
power of ultrashort pulses in Er^+-doped fibres is set by propagation losses to the gain-enhanced
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SRS. Above certain power threshold, SRS transfers part of the pulse energy from shorter to 
longer spectral components, which severely distorts the amplified pulse (e.g., in a high-power 
parabolic pulse generation) and can shift the pulse spectrum out of the gain bandwidth of the 
EDFA [69]. This effect can also be utilized positively, e.g., to generate high-power broadband 
continuum for applications in spectroscopy and optical coherence tomography [70].
Optical pulse propagation in Er^+-doped fibres was mainly considered analytically [39], and 
in the framework of the generalized NLSE [30, 32, 34, 35, 38, 40, 41]. In modelling the effects of 
the gain on the incident pulse, the pulse bandwidth is assumed to be relatively narrow, and the 
gain is assumed to have either constant, parabolic or a Lorentzian lineshape [34]. The effects of 
SRS on the amplified pulse were previously studied by fitting the complex Ram an susceptibility 
to Lorentzian functions in order to obtain an approximation for the Ram an gain near the pulse 
central wavelength [31, 32, 35]. However, these simplified gain profiles represent only a fair 
approximation to the observed atomic susceptibility of Er^+ ions [33] and to the Raman gain 
spectrum  [36, 37] in a glass fibre. Here, we employ the spectrally-resolved pulse model tha t 
we derived in Section 2.1 to dem onstrate the effects of nonlinear gain-induced dispersion and 
SRS on short optical pulses in EDFAs. To this end, we consider the experimentally measured 
param eters (e.g., cross sections, decay rates and scattering coefficients) of practical EDFAs.
This section is organized as follows. In Section 3.1.1 we provide numerical examples to show 
the effects of gain-induced dispersion on relatively weak, subpicosecond pulses propagating in 
dispersion-shifted EDFAs, when nonlinear effects are not dominant. Nonlinear gain-induced 
effects are considered in Section 3.1.2 for more intense incident pulses. The effects of SRS losses 
on short amplified pulses in normal-dispersion EDFAs are dem onstrated in Section 3.1.3. In 
our examples, we consider the dependence of the amplified pulse characteristics (e.g., output 
power, energy gain, output spectrum  and wavelength chirp) on various incident pulse and 
amplifier design param eters, such as the pulse wavelength, initial chirp, peak power, pump 
power and fibre length.
3 .1 .1  G a in -in d u c e d  D is p e r s io n  E ffec ts
The physical param eters for dispersion-shifted aluminosilicate single-clad Er^+-doped fibre are 
summarized in Table 3.1. We assume a constant input pump power of Pp =  25 raW, injected 
at z =  0 with a 5-m-long fibre. Under these assumptions, the gain-induced contribution to
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the refractive index strongly modifies the fibre dispersion characteristics. Figure 3.1 shows 
the spectrum  of the dispersion param eter D  as calculated from (1.1). Here, the passive fibre 
contribution 7%^(A) from (2.9) includes the waveguide dispersion [89, ch. 14] and the m aterial 
dispersion of the host as calculated from Sellmeier’s equation for aluminosilicate glass [96]. We 
note th a t due to the gain-induced contribution, i.e., in (2.10), the dispersion param eter 
takes bo th  positive and negative values at a narrow spectral range near A ~  1529 nm. On
Table 3.1: Parameters of the Ef^+-doped Aluminosilicate Fibre
P a r a m e te r V a lu e N o te s
Ap 1490 nm
TEr 10 msec Ref. [23]
T32 1 fjLsec Ref. [7]
CT12(A), 0-31 (A) Ref. [124]
% 3 X 10“ ^^  m^sec” ^ Based on Ref. [7]
n(A) Ref. [96]
A CO re 1.89 X 10-^^
NA 0.21
r im 1
a 7.9 X 10“ “^ m “ ^ Ref. [7]
N et 1.5 X 10^  ^ m “ 3
iVvb 0
kEr 0
€ 300 K
I
8
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[nm]2
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Figure 3.1: Dependence of the dispersion parameter {D) on the wavelength, for
alurainosilicate-based dispersion-shifted EDFA. The inset shows the spectrum of the inte­
grated fibre gain G{0, L, A).
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the other hand, the integrated fibre gain, i.e., G(0, L, A) =  exp [ ^eff (-2, A)d2:] [50], where 
A) is the effective local gain per unit length from (2.11), switches from negative to 
positive values at A ~  1524 nm (see inset).
Ill what follows, we employ our model in order to calculate short pulse propagation around 
Ag =  1522 nm and Ag =  1535 nm, namely in the anomalous and normal dispersion regimes 
of the EDFA (cf. Fig. 3.1), respectively. The spectrotemporal distribution of the incident 
pulse power density is calculated from (2.40). We assume that the incident pulse is chirp-free 
Gaussian [i.e., C  =  0 in (2.40)] with width of Tq  ~  350 fsec. We further assume that the 
peak power of the incident pulse is ~  1 W and, therefore, saturation and nonlinear effects are 
small in the present calculations. Thus we neglect the intensity dependence of the refractive 
index (i.e., we assume U2 0) as well as the contribution of Raman transitions. Under these 
assumptions, the numerical solution of the amplified pulse spectral power density is obtained 
from (2.7), coupled to the rate-equations (2.16), (2.17) and (2.19) for the Er^+ ions.
F igure 3.2 shows contour plots of the pulse spectral power density around Ag =  1522 
nm, after amplification along the EDFA, as function of the wavelength and the time delay
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Figure 3.2: Contour plot of the pulse spectral power density (in terawatts per unit wave­
length) at the fibre output, as function of the wavelength and time delay in respect to the 
arrival time of the pulse peak, for an incident pulse around Ag =  1522 nm with width of 
To — 350 fsec and peak power of ~  1 W. Darker shades correspond to higher power levels (see 
the gray palette inset). Top: pulse power (normalized). Right side; pulse energy spectrum 
(normalized) [cf. Section 2.1.2]. The solid and dashed lines correspond to the intensity distri­
bution of the pulse at z =  L and z =  0, respectively. The gain in pulse energy is ~  24.5 dB.
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relative to the arrival time of the pulse power peak. That is, we plot Ps{z = L,t,X) .  The 
calculated output pulse spectral power density is a complex interplay between the dispersion 
and the wavelength dependence of the gain, and it significantly deviates from the incident 
Gaussian pulse distribution. In particular, the short-wavelength spectral components of the 
pulse acquire negative chirp, i.e., longer wavelengths travel in slower velocities, due to the 
anomalous dispersion in the EDFA (cf. Fig. 3.1). On the other hand, the pulse chirp gradually 
changes sign in the limit of longer-wavelength spectral components. This, in turn, broadens the 
output pulse by approximately AT q ~  131 fsec relative to the width of the incident pulse. We 
note tha t the peak of the output pulse spectrum is shifted toward longer wavelengths, due to the 
preferential amplification of pulse spectral components near the gain peak (A ~  1530 nm, see 
inset of Fig. 3.1) [34]. We also note tha t the bandwidth of the output pulse is narrower, in about 
AA ~  —4.5 nm, relative to the incident pulse bandwidth. The spectral power density of the 
output pulse shows somewhat different characteristics for a pulse incident around Ag =  1535, 
as illustrated in Fig. 3.3. Here, the shorter-wavelength spectral components acquire positive 
chirp due to propagation in the normal dispersion regime, in agreement with the negative 
value of D (cf. Fig. 3.1). Also the tem poral broadening and bandwidth narrowing of the 
output pulse are ATq ~  197 fsec and AA ~  —2.9 nm, respectively. Furthermore, the output 
pulse spectrum is strongly asymmetrical due to the gain spectrum, and it is pulled towards the
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Figure 3.3: Same as Fig. 3.2, but for an incident pulse around Ag =  1535 nm. The pulse 
energy gain is ~  27.8 dB.
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gain peak at shorter wavelengths. We conclude that the output pulse spectral power density 
distribution strongly depends on the relative position of the gain-peak wavelength with respect 
to the incident pulse wavelength.
We found tha t the tem poral w idth of an incident pulse can be decreased, provided th a t the 
pulse is initially chirped and the fibre dispersion induces chirp with opposite sign [123]. For
Pulse power
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0.015 0.025
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Figure 3.4: Same as Fig. 3.2, but for an incident pulse around (a) Ag =  1522 nm and (b) 
Ag =  1535 nm, with width of Tq ~  700 fsec and chirp parameter of C =  -0.75.
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example, we assume an incident pulse with width of Tq  ~  700 fsec and initial chirp param eter 
of G =  —0.75. Figure 3.4 shows contour plots of the spectral power density of the pulse around 
(a) As — 1522 nm and (b) Ag =  1535 nm, after amplification along the  EDFA, as function of 
the wavelength and the time delay. We note th a t the amplified pulse acquires negative or 
positive chirp due to propagation in the anomalous or normal dispersion regime, which either 
increases or decreases the net chirp, as shown in Fig.3.4(a) or Fig.3.4(b), respectively. This, in 
turn, broadens or narrows the output pulse by A T q 150 fsec or A T q ~  —117 fsec relative to 
the w idth of the incident pulse, respectively. It is clear th a t if the incident pulse is up-chirped, 
this situation is reversed. Again, we note th a t the output pulse bandwidth becomes narrower, 
and th a t the output spectrum  is asymmetrically pulled toward the gain-peak wavelength.
3 .1 .2  N o n lin e a r  G a in -in d u c e d  E ffec ts
In order to dem onstrate the application of our model to more intense pulses, we consider the 
amplification of a chirp-free pulse with initial width of Tq c:: 900 fsec and peak power of ~  
70 W. Under such conditions, nonlinear fibre effects are significant; we assume th a t the fibre 
nonlinear index is ri2 ~  2.2 x 10“ ®^ m^ W~^ [16]. We also assume that the input pump power 
at z =  0 is Pp =  20 mW and th a t the fibre length is 3 meters.
Figure 3.5 shows contour plots of the spectral power density of an incident pulse around 
Ag =  1522 nm, after amplification, as function of the wavelength and the time delay. We note 
th a t the effect of fibre nonlinearity is to induce a wavelength chirp on the propagating pulse. 
In particular, the pulse spectral power density distribution is slightly chirped in the positive 
direction over a large central region of the amplified pulse, whereas it acquires negative chirp 
at the leading and trailing edges [34]. These regions of negative chirp correspond to an approx­
imately exponential tail in the pulse power. The output pulse spectrum  becomes considerably 
broader, in about A A ~  18.8 nm, compared with the spectral width of the incident pulse. We 
note th a t this broadening originates from the coupling between the pulse spectral components 
in the third term  on the LHS of (2.7). Furthermore, the spectrum develops a characteristic 
double-peaked profile, which is shaped asymmetrically due to spectral dependence of the gain 
bandwidth [47]. Here, the anomalous fibre dispersion D  ~  6.8 psec km “  ^ nm~^ at A ~  1522 
nm (cf. Fig. 3.1), acts to compensate for the nonlinearity-induced chirp. Thus the output 
pulse is compressed in about ATq — —444 fsec.
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Figure 3.5: Same as Fig. 3.2, but for an incident pulse around Ag =  1522 nm with width of 
To ~  900 fsec and peak power of ~  70 W. The pulse energy gain is ~  12.4 dB.
Figure 3.6 shows the (a) energy spectrum  and (b) power of a pulse incident at Ag =  1522 
nm for different input pump power levels. We note that as the pump power is increased, the 
gain increases, and hence the peak power of the amplified pulse becomes higher. This, in turn, 
increases the width of the output pulse spectrum  due to the stronger effect of fibre nonlinearity 
[see Fig. 3.6(a)]. For weak pump powers, e.g., Pp ~  10 mW, the output pulse duration slightly 
increases. W ith a further increase in the pump power, the output pulse compresses, as the 
pulse is trapped in the anomalous dispersion bandwidth (cf. Fig. 3.5). For sufficiently high 
pump powers, e.g., Pp >  18 mW, the gain begins to sa turate, and hence the compression 
ratio of the amplified pulse also sa turates [see Fig. 3.6(b)], in agreement with experimental 
measurements [29].
To illustrate intense pulse propagation in the normal dispersion regime, we show in Fig.
3.7 the output spectral power density for an incident pulse around A ~  1535 nm, where 
D ~  —5.8 psec km~^ nm~^ (cf. Fig. 3.1). Here, fibre nonlinearity and gain-induced dispersion 
act cumulatively to induce strong positive chirp over the large central region of the amplified 
pulse. This, in turn, broadens the amplified pulse compared with the incident pulse, in about 
ATq — 108 fsec. We note tha t the output pulse power is reshaped asymmetrically with respect 
to the arrival time of the pulse peak. The output pulse spectral width is broader with respect to 
the incident pulse width, and is characterized with several oscillations (AA ~  17.2 nm). These
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Figure 3.6: Pulse intensity distribution for different input pump powers (Fp). The solid and 
dashed lines correspond to the normalized intensity distribution of the pulse at % =  T and 
z =  0, respectively, (a) Pulse spectrum, (b) Pulse power.
spectral oscillations correspond to a deviation of the pulse chirp from approximate linearity, 
and are in agreement with previous results [42].
We next dem onstrate the dependence of the pulse intensity on the fibre length. Figure
3.8 depicts the amplified pulse (a) power and (b) energy spectrum  for an incident Gaussian 
around Ag — 1535 nm. We no te th a t as the pulse is amplified in the fibre its shape changes 
due to the combined effects of gain-induced dispersion and fibre nonlinearity. In particular, an 
amplified pulse with an approximately linear positive chirp over its central region is developed 
for a  fibre length of L ~  2.5 m, where the gain is ~  14 dB. In this regime, the amplified 
pulse spectrum  has a nearly flat top shape with steep edges. Also, the amplified pulse power
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Figure 3.7: Same as Fig. 3.2, but for an incident pulse around Ag =  1535 nm with width of 
To ~  900 fsec and peak power of ~  70 W. The pulse energy gain is ~  16.3 dB.
is somewhat deformed from the expected parabolic shape, due to gain bandwidth effects [45]. 
For shorter lengths, the gain, and hence the induced chirp, are relatively small. On the other 
hand, for longer propagation lengths, e.g., L  ~  3.5 m, the smooth structure of the pulse power 
breaks down, and the output pulse chirp deviates from linearity (see Fig. 3.7). On further 
increasing the propagation length (L > 4.5 m), the induced chirp broadens the pulse bandwidth 
much beyond the normal dispersion bandwidth. This broadening, in turn, results in significant 
mismatch between the amplification and delay of the various pulse spectral components, which 
severely distorts the output pulse shape.
3 .1 .3  S t im u la te d  R a m a n  S c a tte r in g  in  P u ls e  A m p lif ic a t io n
To analyze the effects of SRS losses we consider the amplification of an ultrashort pulse along 
a normal-dispersion EDFA, characterized by the following parameters. We assume that the 
fibre length is 8 meters, and tha t it is pumped into 2 =  0 w ith constant power of Pp =  20 mW. 
We also assume a fibre core area Acore =  6.6 x 10~^^ m^, fibre numerical aperture NA =  0.27 
and nonlinear index U2 = 2.8 x 10“ ®^ m^ W~^. The incident Gaussian pulse is chirp-free, with 
wavelength around Ag =  1550 nm, width of 7b — 1 psec and peak power of ~  70 W. We note 
that for the set of param eters given here, the calculated normal fibre dispersion a t the incident 
pulse wavelength is D  ~  —35 psec km~^ nm “ h  The amplified pulse spectral power density
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Figure 3.8: Dependence of the pulse intensity (normalized) on the fibre length (L), as 
function of (a) the time delay and (b) the wavelength, for a pulse incident around As =  1535 
nm.
distribution is found from the solution of (2.13), coupled to the Er^+ rate-equations (2.16), 
(2.17) and (2.19).
Figure 3.9 depicts the energy spectrum, whereas Fig. 3.10 depicts the power and mean 
wavelength, i.e., f  XPs{z = L ,T , A)dA/ f  Ps{z = L, T, A)dA [119], of the amplified pulse, for 
different incident pulse peak power levels. We note tha t as the peak power is increased, 
the amplified pulse bandwidth also increases due to the nonlinearity-induced chirp (cf. Fig.
3.7). For low peak powers, e.g., ~  2 W, the amplified pulse spectrum  is an asymmetrical 
double-peak profile with a dip near the central wavelength and steep edges [Fig. 3.9(a)]. The
3.1 Er^+-Doped Pulsed Fibre Amplifiers 50
0.8
0.6
0.4
0.2
1540 1550 1560
E 0.8 # 0.6
I -I  0.2
1500 1530 1560 1590 1620
0.8
0.6
0.4
0.2
1480 1520 1560 1600 1640 1680
Wavelength [nm]
Figure 3.9: Amplified pulse energy spectrum (solid line, normalized) as function of the 
wavelength, for input peak powers of (a) 2, (b) 50, and (c) 200 W. The dotted lines show the 
incident pulse intensity at 2; =  0, whereas the dashed-dot lines show the amplified intensity in 
the absence of Raman scattering.
corresponding shape of the amplified pulse power is parabolic, to a good approximation [Fig. 
3.10(a)]. We note tha t the wavelength chirp is highly linear and positive, across the core of 
the amplified pulse (i.e., the mean pulse frequency increases during th a t time). On the other 
hand, the chirp changes sign at the pulse edges [122]. On increasing the peak power to ~  50 
W , the edges of the amplified spectrum  become somewhat less steep due to the finite gain 
bandwidth effect [Fig. 3.9(b)]. We note th a t at this power level the Ram an gain is already 
above threshold, and thus longer-wavelength spectral components (near A ~  1590 nm) are 
amplified. Also the amplified pulse power becomes notably asymmetrical, and the parabolic 
shape is deformed [Fig. 3.10(b)]. For sufficiently strong incident power, e.g., peak power of 
~  200 W, a significant part of the pulse energy is transferred from the spectral components 
near the gain-peak wavelength (A ~  1530 nm) into the longer-wavelength spectral components 
[Fig. 3.9(c)]. Thus the amplified spectrum  shows a relatively smooth red-shifted continuum, in
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Figure 3.10: Same as Fig. 3.9, but for the amplified pulse power (solid line, normalized) and 
the amplified pulse mean wavelength (dashed line), as function of the delay time in respect to 
the arrival time of the pulse peak.
qualitative agreement with experimental observations [70]. We no te th a t for these conditions 
the leading pulse edge becomes much shorter than the trailing edge [Fig. 3.10(c)], which is a 
characteristic of Ram an-induced pulses [16, ch. 8]. We also note th a t most of the energy in 
the leading pulse edge is associated with the Ram an longer-wavelength spectral components, 
which propagate faster than  shorter-wavelength spectral components along normal-dispersion 
fibres. Here the linearity of the amplified pulse chirp is severely distorted, in particular, for the 
trailing pulse edge. Thus the combined effect of nonlinear gain-induced dispersion and SRS 
degrades the recompression efficiency of short amplified pulses.
The effect of increasing the pum p power on the amplified pulse spectrum  is depicted in 
Fig. 3.11. We note th a t the m agnitude of the spectrum  red-shift is small in the limit of weak 
pump powers (e.g., Pp < 14 mW), as the gain is also small. Increasing the pump power, the 
amplified spectrum  is further red-shifted, e.g., the mean wavelength at the pulse peak power
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Figure 3.11: Amplified pulse energy spectrum (solid line) as function of the wavelength, for 
input pump powers of (a) 7, (b) 14, (c) 28, and (d) 56 mW. The dotted lines show the incident 
pulse spectrum at z =  0, whereas the dashed-dot lines shows the amplified spectrum in the 
absence of Raman scattering.
shifts by more than  60 nm for an incident pum p power of 56 mW. We also note th a t the 
spectrum  develops a second peak near the gain-peak wavelength (i.e., a t A ~  1530 nm) due 
to the reshaping of the gain spectrum  by the increasing pump power. We conclude th a t the 
red-shift of the pulse spectrum  due to Ram an scattering can be controlled by tuning the pump 
power [69]. However, the m agnitude of this effect is ultimately limited by gain saturation.
We conclude this section w ith an example showing the dependence of the pulse intensity 
on the amplifier length in the presence of SRS (Fig. 3.12). We find different regimes of pulse 
amplification due to the strong dependence of the dopant and Ram an gain coefficients on the 
fibre length. For short fibre lengths, e.g., L ~  3 m, the amplified pulse belongs to the parabolic 
regime. Further increasing the fibre length to L ~  5 m, the pulse bandwidth increases and the 
effect of spectral reshaping by the gain bandwidth becomes more significant. In this regime, 
the amplified pulse chirp deviates from linearity and bo th the spectral and tem poral intensity 
profiles are somewhat deformed. For an even longer fibre length, e.g., L ~  7 m, the gain near 
A ~  1530 nm is maximized, and the red-shifting of the pulse energy due to SRS becomes more
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Figure 3.12: Dependence of the As =  1550 nm pulse intensity on the fibre length (L) as 
function of (a) wavelength and (b) time delay.
apparent [Fig. 3.12(a)]. On further increasing the fibre length (L >  9 m) reabsorption losses 
become significant, the pulse energy components near 1530 nm are depleted, and the pulse 
spectrum  is red-shifted towards longer wavelengths. These effects have their correspondence in 
the time domain, where with increasing fibre length the pulse peak power declines and trailing 
edge of the pulse becomes longer [Fig. 3.12(b)].
3.2 Yb^"*"-Doped P u lsed  Fibre Am plifiers
High-power short optical pulse amplification using cladding-pumped Yb^'^-doped fibres draws 
a great deal of interest for a variety of applications, e.g., in free-space communications, spec­
troscopy, materials processing and nonlinear frequency conversion [76, 125]. Much attention has
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been paid, to pulse amplification using normal-dispersion YDFAs, where high-power parabolic 
pulses with a linear positive chirp across their central region can be produced. Such pulses 
propagate self-similarly with reduced distortions, and are efficiently recompressed into shorter 
duration using an anomalous dispersion medium [17]. Furthermore, initially negative-chirped 
pulses can be spectrally compressed in high-power YDFAs, to produce nearly transform-limited 
amplified pulses [66]. To these ends, YDFAs operating at a spectral range around 1.06 /um, are 
particularly attractive, i.e., they provide very broad gain bandwidth (e.g., ~  40 nm) th a t is 
suitable for ultrashort pulse amplification. YDFAs are also relatively free of ESA and concen­
tra tion quenching by ion-ion interactions, which allows high doping concentrations and shorter 
fibre lengths th a t reduce nonlinearities [14].
Most theoretical works th a t discuss pulse amplification in YDFAs are based on the general­
ized NLSE for the complex envelope of the amplified pulse [42-47]. Our goal in this section is 
twofold: first, to extend these works and describe numerical calculations of high-power pulsed 
YDFAs, using param eters th a t were no t considered in detail before, and second, to demon­
s trate  the advantages of the simultaneous analysis of the spectral and tem poral dependency of 
a propagating pulse [60]. SRS losses are neglected in this section as recent experiments show 
th a t they are expected to be relatively small for the range of incident powers and fibre lengths 
cLSSumed in our examples [44].
Numerical examples for ultrashort parabolic pulse amplification in high-power YDFAs are 
presented in Section 3.2.1. In particular, we consider the effects of various im portant design 
param eters on the amplified pulse, such as pulse wavelength, pulse peak power, Yb^+ concen­
tration, pump filling factor, fibre length, pumping configuration and pump power. In Section
3.2.2 we dem onstrate the spectral compression of an incident negative-chirped pulse.
3 .2 .1  P a r a b o lic  P u ls e  A m p lif ic a t io n
In order to analyze high-power pulse amplification in YDFAs, we consider several examples 
near the 1060-nm transition. Unless otherwise mentioned, the param eters assumed in the 
numerical calculations correspond to the experimental YDFA described in [44, 76], and are 
summarized in Table 3.2. The effective passive linear index contribution 77, ^ (A) is based on the 
waveguide dispersion relations, taking into account Sellmeier’s equation for the silica host [64]. 
We assume th a t the pump, power (Pp ~  5 W) is injected at z =  P, i.e., counter-propagating
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to the incident pulse, and th a t it provides approximately 32 dB gain at ~  1060 nm. Based on 
these assumptions, we calculated the spectrum  of the fibre dispersion param eter D (see Fig. 
3.13). We note th a t due to the strong gain-induced contribution, the fibre dispersion fluctuates 
strongly a t a spectral range near A ~  976 nm, where the fibre becomes strongly absorbing. In 
the spectral range relevant to optical amplification, i.e., at 1015 <  A <  1120 nm (see inset of 
Fig. 3.13), the dispersion is normal, and it monotonically increases from D  —40 to H  ~  —20
Table 3.2: Parameters of the Yb^+-doped Silica Fibre
P a r a m e te r V a lu e N o te s
A. 1060 nm
Ap 976 nm
TYb 1 msec
^T56(A), <T65(A) Ref. [14]
ri2 3.5 X 10~^° m^ W~^ Based on Ref. [44]
n(A) Ref. [64]
-^ core 7,1 X 10“ °^ m^ Ref. [44]
NA 0.06 Ref. [44]
Mm 4 Ref. [44]
a 5 X 10“  ^ m “ ^
Fp 6 X 10“ ^
L 9 m Ref. [44]
N vh 2.2 X 10^ ® m “ ^ Ref. [44]
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Figure 3.13: Dependence of the fibre dispersion parameter (D) on the wavelength, for the 
silica-based high-power YDFA. The inset shows the spectrum of the integrated fibre gain 
G(0, L, A).
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psec km~^ nm “ .^ Thus gain-induced dispersion fluctuations are expected to have only small 
effect on an amplifled pulse, in con trast to Er^+-doped fibres (cf. Fig. 3.1).
In what follows, we dem onstrate the effects of various physical param eters on the spectral 
and tem poral characteristics of a short amplifled pulse. In particular, we study within the 
framework of our rate-propagation model the effects of the incident pulse wavelength, pulse 
peak power, concentration, pump filling factor, fibre length, pumping configuration,
pump power and the nonlinear index. Unless otherwise stated, we assume throughout this 
section th a t the incident unchirped Gaussian pulse has width of Tq ~  270 fsec, and peak 
power of ~  214 W. Thus the incident pulse is transform-limited, with a bandwidth of ~  6 nm. 
The amplified pulse spectral power density is calculated from the numerical solution of (2.7), 
coupled to the rate  equation (2.30) for Yb^*^ ions (cf. Section 2.3.1).
In Fig. 3.14 we depict the dependence of the amplifled pulse spectrum  on the wavelength, 
for different incident pulse central wavelengths Ag. We note tha t on shifting the incident pulse
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Figure 3.14: Amplified pulse energy spectrum (normalized), as function of the wavelength, 
for different incident pulses with central wavelengths Ag in the range 1020-1080 nm.
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wavelength from Ag =  1020 nm to 1080 nm, the amplified pulse spectrum  changes its shape 
due to the non-uniformity of the gain (cf. Fig. 3.13). The spectral broadening of the amplified 
pulse is a consequence of the nonlinearity-induced chirp, which in tu rn  depends on the pulse 
power through (2.6). Thus spectral broadening is most significant for a pulse incident near 
the gain-peak wavelength, e.g., a t Ag ~  1038 nm. It is worth to mention, however, th a t the 
amplified spectrum  of a weak pulse is predom inantly affected by gain narrow ing (cf. Fig. 3.3). 
Since the pulse gain is relatively small in the short tail of the gain spectrum, e.g., for Ag ~  1020 
nm, the spectral broadening is also small. Our results show th a t in the m oderate gain regime, 
e.g., for the case Ag ~  1080 nm, the amplified spectrum is relatively flat shaped with steep 
edges. The corresponding dependence of the output pulse power on the delay time with respect 
to the arrival time of the pulse peak is depicted in Pig. 3.15. Here we also show the amplified 
pulse mean wavelength as function of the time delay. We note th a t the pulse broadens in 
time due to propagation in the normal dispersion regime, and th a t the wavelength chirp is
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Figure 3.15: Amplified pulse power (solid line, normalized) and the amplified pulse mean 
wavelength (dashed line), as function of the time delay in respect to the arrival time of the 
pulse peak, for different incident pulses with central wavelengths Ag in the range 1020-1080 
nm.
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positive during the arrival time of the central part of the amplified pulse. The wavelength 
chirp is approximately linear across the Ag ~  1080 nm pulse, where the output pulse shape is 
nearly parabolic. On the other hand, the wavelength chirp deviates from linearity close to the 
gain-pealc wavelength (e.g., for Ag ~  1050 nm). Thus, we reconfirm our conclusion (cf. Fig.
3.7) th a t a deviation of the amplified pulse spectrum  from flatness (cf. Fig. 3.14) corresponds 
to a nonlinear pulse chirp [42].
Figure 3.16 shows the spectrum  and power of an amplified pulse for different incident pulse 
peak powers. The intensity of the amplified pulse in the limit of weak and m oderate peaJk 
powers, e.g., <  210 W, corresponds to the parabolic pulse regime. On increasing the input
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Figure 3.16: Amplified’pulse intensity distribution for different incident pulse pealt powers. 
The solid and dashed lines correspond to the normalized intensity distribution of the pulse at 
2  =  L and z =  0, respectively, (a) Pulse spectrum, (b) Pulse power.
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peak power, e.g., >  340 W, the effect of fibre nonlinearity is enhanced and the amplified 
pulse spectrum  broadens significantly, in agreement with experimental measurements under 
similar conditions [44, 76]. On further increasing the peak power, e.g., ~  490 W, the amplified 
spectrum  is strongly reshaped due to the finite gain bandwidth [Fig. 3,16(a)]. In this regime, 
the amplified pulse power deviates asymmetrically from a parabolic shape, and is chai'acterized 
by the much longer leading edge [Fig. 3.16(b)]. This reshaping is a consequence of the increase 
in the group index at the pulse peak power, which enhances the generation of blue-shifted 
spectral components.
Next, we consider the effect of the Yb^+ concentration on the amplified pulse characteris­
tics. Figure 3.17 shows the output pulse spectral width, as function of the Yb^ "*" concentration, 
for different values of the effective pump filling factor. Depending on the Yb^+ concentration, 
the spectral width of the amplified pulse is maximized where the gain is also maximized. Fur­
ther increasing the Yb^+ concentration results in a decrease of the amplified pulse power due 
to absorption losses, and hence to a reduced spectral broadening of the amplified pulse. Our 
results dem onstrate th a t in the limit of small Yb^+ concentrations, increasing the pump fill­
ing factor (e.g., by coiling the fibre to enhance pum p absorption efficiency [92]) broadens the 
spectral width of the output pulse. We also find th a t there is a positive correlation between 
the dependency of the pulse tem poral w idth on the Yb^"^ concentration and the correspond-
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Figure 3.17: Dependence of the amplified pulse spectral width on the Yb^+ concentration 
(Nvb), for a pulse incident around As =  1038 nm, and for different values of the effective 
pump filling factor (Pp). The lines represent a B-spline interpolation of the exact numerical 
solution [117].
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ing dependency of the spectral width, as the former depends on the differences in the group 
velocities of the pulse spectral components. These differences, in turn , tend to increase with 
the spectral redistribution of the pulse energy due to the nonlinearity-induced chirp.
Figure 3.18 shows the amplified pulse power and pulse spectrum  as function of the fibre 
length (for Fp =  0.02). We note th a t on increasing the fibre length, the amplified pulse 
tem poral w idth continuously increases due to the dispersion of the pulse spectral components. 
There is an optimum fibre length, for a given pump power, at which the output pulse peak 
power is maximized, e.g., a t L =  6 m [Fig. 3.18(a)]. This peak power, in turn, also maximizes 
nonlinear effects. Thus the output pulse spectrum  broadens as long as the fibre length is
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Figure 3.18: Dependence of the amplified pulse intensity on the fibre length (X), as function 
of (a) the time delay and (b) the wavelength.
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shorter than  this optimum length, and it narrows for longer lengths while the pulse energy 
is redistributed towards the edges of the spectrum [Fig. 3.18(b)]. We also find th a t the 
amplified pulse characteristics depend on the pumping configuration. For example, the output 
pulse spectral and tem poral w idths are somewhat larger in a forward pumping configuration, 
in particular in the limit of long fibres (e.g., L ~  10 m). We attribu te  this result to the 
spatial distribution of the population inversion in a forward pumping configuration, which is 
maximized near z — 0. Thus an incident pulse encounters relatively high gain, which, in 
turn, results in a bigger product of pulse power and propagation distance, and hence stronger 
nonlinear effects. It should be also noted th a t propagation losses to SRS (which are neglected in 
this section) ultim ately limit the optimum fibre length below some critical length th a t depends 
on the incident pulse peak power and the fibre gain [46].
An all im portant param eter in our model is the numerical value of the nonlinear index U2 . 
The value of this param eter depends on the properties of the glass host, and its measured value 
in silica glass varies significantly [16]. In order to examine the effect of ri2 on our results, we 
artificially changed its value between 2.2 x 10“ ^° to 3.9 x 10“ ^° m^ W~^ [16]. In Fig. 3.19 we 
depict the output pulse energy as function of the injected pump power, for two values of ng. 
We note th a t the output pulse energy saturates, more significantly for the higher values of U2
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Figure 3.19; Dependence of the amplified pulse energy on the injected pump power (Pp), for 
two different values of the nonlinear index (712). The lines represent a B-spline interpolation 
of the exact numerical solution. Inset: pulse spectrum at pump powers of 5 and 25 W. The 
horizontal line (inset) is wavelength in nanometers.
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(i.e., U2 =  3.9 X 10“ ®^ W~^). This saturation is a consequence of the finite gain bandwidth
of the Yb^"^ ions, which limits the bandwidth of the amplified pulse, and hence its output 
energy [18, 44]. The amplified pulse bandwidth, in turn, depends on the nonlinearity-induced 
chirp and it increases with the pump power [125], and with the value of ri2 (see inset of Fig. 
3.19). The effect of ri2 on the output pulse is most significant at high pump powers, where 
the spectral bandwidth of the propagating pulse is comparable with the gain bandwidth. In 
th a t regime, the output pulse spectrum  is severely deformed, its chirp strongly deviates from 
linearity, and the pulse recompression efficiency is degraded [44]. It is clear th a t the saturation 
exhibited here can be removed by reducing the peak power of the incident pulse (cf. Fig. 3.16), 
e.g., by using gratings to stretch the pulse before amplification [76].
3 .2 .2  C h ir p e d  P u ls e  S p e c tr a l C o m p r e ss io n
Finally, we dem onstrate the amplification of an initially chirped pulse. To this end, we assume 
th a t the incident Gaussian pulse is stretched to Tq =  10 psec, and its peak power is corre­
spondingly reduced to ~  6 W. This stretching, in turn, induced a pulse chirp, e.g., C  ~  —30. 
Figure 3.20(a) depicts the incident chirped pulse spectral power density as function of the 
wavelength and tim e delay, whereas Figs. 3.20(b)-(d) show the corresponding output pulse 
spectral power density, for different pump powers. For low pump powers, e.g., Pp ~  5 W, 
the gain and hence the nonlinearity-induced chirp are relatively small, having only a moderate 
effect on the amplified pulse [Fig. 3.20(b)]. Further increasing the pump power, e.g., Pp ~  10 
W, the induced positive chirp cancels the initial chirp over the pulse central region, producing 
significant spectral compression [see Fig. 3.20(c)]. This result is in qualitative agreement with 
experimental measurements [66], and it is the key for achieving transform-limited amplified 
pulses. On further increasing the pum p power, e.g., Pp ~  25 W, the core of the amplified pulse 
becomes positively chirped, resulting in a somewhat broadening of the output spectrum  [Fig. 
3.20(d)]. We note th a t for the calculated pulse param eters there is only a small decrease in 
the compression ratio of the output pulse duration w ith increasing pump power. We thus con­
clude tha t there is an optimum pum p power for achieving an amplified pulse with the smallest 
tim e-bandwidth product.
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Figure 3.20: Contour plot of the pulse spectral power density (in terawatts per unit wave­
length, see inset), as function of the wavelength and the time delay in respect to the arrival 
time of the pulse peak. Top: pulse power (normalized). Right side: pulse energy spectrum 
(normalized), (a) Incident pulse at z =  0. (b), (c) and (d) correspond to the pulse spectral 
power density at z =  L for an injected pump power of 5, 10 and 25 W, respectively.
3.3 C onclusions
111 this chapter we presented results of calculations of pulse amplification in RE-doped fibres, 
within the framework of a time-dependent, spectrally-resolved pulse rate-propagation equation 
model. This model allows one to approximate the effects of nonlinear gain-induced dispersion 
on the spectrotemporal intensity distribution of short optical pulses, without reverting to the 
generalized NLSE. Furthermore, in this approach, the theoretical results are much easier to 
compare with experimental results than  in the usual complex envelope description. In par­
ticular, the calculated pulse energy distribution, i.e., the quantity T^(z, (, A) in (2.13), can 
be directly compared to the measured spectrogram of the amplified pulse with a known gate 
function, e.g., using the cross-correlation frequency-resolved optical gating (FROG) pulse mea­
surement setup [63, 126].
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We have validated our model by studying subpicosecond pulse propagation along dispersion- 
shifted EDFAs in different dispersion regimes. We found th a t the output pulse spectrum, 
wavelength chirp and tem poral broadening (or compression), are strongly dependent on the 
incident Gaussian pulse power, pulse chirp, fibre dispersion, spectral gain and hence on the 
incident pulse wavelength. For weak incident pulses, gain narrow ing effects are dominant, 
and the tem poral w idth of the amplified pulse increases unless the pulse is initially chirped to 
counteract fibre dispersion. For more intense incident pulses, the amplified pulse intensity is 
a consequence of the interplay between gain-induced dispersion and the nonlinearity-induced 
chirp. In particular, the amplified pulse spectrum broadens and reshapes due to the chirp 
and the spectral gain limiting, and its tem poral w idth increases or decreases due to propa­
gation in the fibre normal or anomalous dispersion regimes, respectively. These results are 
in good qualitative agreement with experiments, and are in accordance with the wave theory 
approach. We also studied the effects of SRS losses by analyzing short pulse amplification in 
normal-dispersion EDFAs. We show th a t the m agnitude of the amplified pulse red-shift can be 
controlled by tuning the incident pulse peak power and the pump power. We have shown th a t 
the combined effects of nonlinear gain-induced dispersion and SRS strongly affect the spectral 
and tem poral pulse shapes along normal-dispersion fibres. For long enough fibres, most of 
the pulse energy is converted from near gain-peak wavelengths to longer wavelengths, and the 
amplified pulse chirp is severely distorted.
The dependence of the amplified pulse energy spectrum and pulse power on the incident 
pulse wavelength and peak power was dem onstrated for ultrashort amplified pulses in high- 
power YDFAs. It was shown th a t an efficient amplification of linear wavelength chirp parabolic 
pulses can be achieved with a limited incident pulse pealc power and by tuning the pulse 
wavelength to the longer tail of the gain spectrum. On the other hand, the amplified pulse 
spectral width increases on increasing the incident pulse peak power or on tuning the incident 
pulse wavelength towards the gain-peak wavelength. This broadening, in turn , distorts the 
output pulse shape, and degrades the linear wavelength chirp. We also found th a t the spectral 
width of the output pulse can be controlled by properly choosing the Yb^+ concentration and 
the effective pump filling factor. In particular, for a  given fibre properties, there exists an Yb^"^ 
concentration value tha t maximizes the spectral bandwidth of the amplified pulse. This value 
tends to be smaller for more efficiently absorbing fibres. We calculated an optimum fibre length
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for which the output pulse peak power is maximized, its spectrum  is relatively flattened, and its 
wavelength chirp is approximately linear. For fibres longer than  this optimum, the pulse energy 
redistributes towards the spectral wings and the wavelength chirp deviates from linearity, while 
shorter fibres are less efficient. For sufficiently high pump power, the amplified pulse energy 
saturates since its spectral bandw idth is limited by the finite gain bandwidth of Yb^+ ions. 
This saturation is only weakly dependent on the measured values of the nonlinear index of 
silica glass. Finally, we dem onstrated th a t by tuning the pump power, we can control the 
output spectrum  compression of a negative-chirp incident pulse.
Chapter 4
Quasi-CW Gain-Clamped Amplifiers: 
Er^+-Yb^+ Codoped System
Short EDFAs are attractive, low-cost and compact devices, for optical communication appli­
cations in the wavelength range of 1,55 (im. In order to increase the gain per unit length, 
along a typically centimeters-long fibre amplifier, high Er^"^ concentrations are required. This 
condition limits the achievable gain due to the presence of Er^+ ion-ion interactions [127]. It 
is thus preferable to employ glasses th a t have a small homogeneous up conversion coefficient, 
e.g., phosphate glass, as the host m aterial for short EDFA [107, 128]. Another im portant de­
mand for short fibre amplifiers is to maximize the pump absorption along the fibre, and hence 
improve the amplifier conversion efficiency. To this end, EYDFAs enhance the pump efficiency 
of Er^*  ^ ions, since Yb^+-codoping provides an indirect energy-transfer mechanism from the 
Yb^+ to the Er^+ ions (cf. Section 2.2.1). Furthermore, Yb^+ has a very broad absorption 
spectrum  extending from approximately 850 nm to 1000 nm (compared to the more narrow 
absorption bands of Er^+, e.g., at 976 nm). These properties have led to the recent realization 
of efficient and short EYDFAs [129].
An im portant design issue for fibre amplifiers tha t operate in the multi wavelength regime, 
i.e., for WDM applications, is the lim itation of the power transients of the signal when satu­
ration conditions change. Although the power excursions are small in a single amplifier, their 
effect is significant in a large WDM network w ith multiple amplifiers [130]. In particular, 
transients in the surviving signal channels power can exceed the threshold for nonlinear ef­
fects (e.g., 8PM) or reduce the receiver signal-to-noise ratio (SNR), when other signal channels
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are dropped or added, respectively [131]. These considerations are of particular importance 
to access/metro WDM networks where input signal channels are frequently being modulated 
due to reconfiguration [132]. It is thus extremely im portant to minimize the amplifier power 
excursions in order to prevent errors in the communication network.
One m ethod to achieve autom atic stabilization is to add a lasing channel separated from 
the signal bandwidth. This extra channel clamps the amplifier population inversion and hence 
the gain [133, 134]. Laser effect is achieved by using corrugated fibre sections, which act as 
DBR mirrors, a t bo th fibre ends. A m ajor lim itation to the gain clamping mechanism is 
the presence of clustered Er^+ ions th a t can be quite significant in high-concentration fibres 
[109, 110]. These clusters can render gain-clamping to be inefficient due to laser self-pulsation 
induced by the Er^+ clusters [55, 135]. Yb^+-codoping can stablize the lasing channel, as it 
increases the pump efficiency, and counteracts the negative effect of Er^”*" ion-ion interactions 
[55]. In addition, the improved pum p absorption in short EYDFAs allows a realization of 
cladding-pumped fibre geometry with higher output powers [56], which is useful for power 
boosting applications [11].
Previous theoretical works have analyzed the dynamic behavior of low concentration gain- 
clamped EDFAs, e.g., [131, 136-138]. The dynamic of gain-clamped EYDFAs was recently 
considered in [59], bo th experimentally and with an approximate model. In particular, it was 
dem onstrated th a t increasing the effective pump power or decreasing the fibre length can limit 
the surviving channel power transients of relatively long (i.e., meters) gain-clamped EYDFAs. 
Our goal in this chapter is to extend these works, and to study the dynamic characteristics 
of short (i.e., centimeters), high-concentration, gain-clamped EYDFAs, operating in the gain- 
flattened regime. We propose this configuration as a compact, cost-effective, optically gain- 
clamped (CGC) fibre amplifier for W DM metro networks, w ith transmission latency th a t 
is considerably smaller than  the longer amplifiers [139]. We dem onstrate the effects of Er^+ 
clustering, and the effect of the Yb^+ concentration, on the dynamics of such configuration. We 
also consider the effect of different amplifier design param eters, such as the fibre length, laser 
wavelength, pum p wavelength, pum p power and cavity losses, on the dynamic performance. To 
this end, we employ a comprehensive coupled propagation-rate equation model in the quasi-CW 
approximation (cf. Section 2.2.1). The model assumes homogeneous broadening mechanisms, 
and therefore it does not account for the static contribution of the spectral hole burning to the
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dynamic power excursion [131].
This chapter is organized as follows. In Section 4.1 we discuss the validity of our theoretical 
model. Numerical examples for cladding-pumped, gain-clamped EYDFAs th a t operate in the 
C-band of the Er^"^ gain spectrum  are presented in Section 4.2. In particular, we demonstrate 
the effect of clustered Er^+ ions on the amplifier dynamics. In Section 4.3 we present design 
considerations for gain-clamped EYDFAs. Finally, conclusions are drawn in Section 4.4.
4.1 M odel V alidation
The validity of the model equations have been demonstrated in the case of high-power CW 
EYDFAs [49] and Q-switched EYDFLs [54], with relatively low Er^'*' concentrations and neg­
ligible clustering. To show the effect of clustering, we depict in Fig. 4.1 the small-signal gain 
of a 4.4-cm-long core-pumped, high-concentration EYDFA. A similar configuration was stud­
ied experimentally in [129] under CW  conditions. We note the excellent agreement between 
the experimental results and the numerical calculation for a wide range of signal wavelengths, 
provided th a t the fraction of clustered Er^+ ions is assumed to be /cEr =  0.17. Smaller values 
of kEr tend to increase the gain in the entire bandwidth of the signal wavelengths.
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Figure 4.1: Gain, versus the signal wavelength, for two different relative number of EF+
ions in clusters (/cEr)- The fibre core area is Acore =  1.96 x 10“ ^^  m^, the numerical aperture 
NA =  0.21, the injected signal power Tÿ'(O) =  -3 0  dBm, the pump power P+(0) = 224 mW, 
and the Er^+ and Yb^+ concentrations iVEr =  3.02 x 10^ ® m“  ^ and Nyh =  1.96 x 10^ ® m~^, 
respectively [129]. Other parameters are given in Table 4.1. The solid lines represent the 
numerical solution, whereas the rectangulars represent experimental data [129].
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4.2 C lusters Effects
We consider a set of examples for cladding-pumped, gain-clamped, C-band EYDFA near the 
976-nm pump transition. Unless otherwise stated, we assume th a t the  input param eters for 
our calculations are given in Table 4.1. These param eters correspond to an efficient phosphate- 
based Er^+-Yb^+ codoped fibre. The homogeneous upconversion coefficient C2 is assumed to 
increase linearly with the to tal Er^+ concentration [107]. The input signal band consists of 
ten  equally spaced spectral channels in the range 1544 - 1562 nm, with width AAg =  0.375 
pm. This choice is based on the theoretical gain spectrum  of Er '^*’ in phosphate glass, which 
shows th a t the gain ripple (cf. Fig. 4.1) can be minimized by properly selecting the amplifier 
param eters (e.g., pump power and fibre length) to achieve a particular average population 
inversion. It is assumed th a t the fibre is single-mode in the spectral range of the signal, and 
thus we include only the LFqi mode in our calculations [Bqs. (2.1) and (2.28)]. It is further 
assumed th a t the input pump power is Pp{0) = 2 W, whereas the to ta l input power of the 
signal is — 0 dBm, equally distributed among the signal channels. We also assume
th a t the Bragg gratings provide the lasing feedback at wavelength of 1586 nm. The power 
reflectivities of the DBR mirrors are assumed R \ = 0.98 and R 2 = 0.04 at z =  0 and z = L,
Table 4.1; Parameters of the Er^+-Yb^+ Codoped Phosphate Fibre
P a r a m e te r V a lu e N o te s
Ap 976 nm
T21 7.9 msec Ref. [140]
T32 2 /isec Ref. [141]
T65 2.2 msec Ref. [107]
0-13 (A) Ref. [107]
0-12(A), £721 (A) Ref, [140]
f s e f A ) ,  £765( A ) Ref. [48]
C2 1.3 X 10“ ^^  m^sec"^ Based on Ref. [107]
0 2 1 X 10“ *^^ m^sec"^ Based on Ref. [108]
Rei, R 35 Based on Ref. [107]
a 6.45 m “ ^ Ref. [129]
ÎT'efF 1.55 Ref. [140]
Acore 3.42 X 10“ ^^  m^
NA 0.16
Tp 0.01
Ret 5 X 10^ ® m~^
A v b 1.5 X 10^^
fcBr 0
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respectively. Note th a t R 2 should be selected small enough to provide high gain for the signal 
while maintaining stable gain-clamping conditions.
In what follows, we consider the effect of dropping or adding nine out of the ten  signal 
channels from initial steady-state conditions. We assume th a t the signal power decreases 
(or increases) instantaneously, as this constitutes the worst case failures in WDM network 
amplifiers [136]. To this end, the steady-state solutions (cf. Section 2.3.3) are used as the 
initial conditions for the subsequent tim e evolution (cf. Section 2.3.2) of the rate-propagation 
equations (2.16)-(2.23), (2.26) and (2.27).
The amount of Er^*  ^ clustering in high-concentration Er^'^-Yb^+ codoped fibres is some­
what ambiguous. In principle, it depends on several factors, such as the Er^+ and Yb^+ 
concentrations and the fibre processing method. In particular, high Er^+ concentration and 
low Yb^+-Er^T ratio favour Er^+ clustering [22]. To illustrate the effect of Br^+ clustering on 
the dynamics of gain-clamped EYDFAs, we depict in Fig. 4.2 the transient response of a  sur­
viving channel (Ag =  1562 nm) when nine out of ten channels are dropped at t  =  0 from initial 
steady-state conditions. Following the dropping of the signal channels, the surviving channel 
power exhibits transient power excursions due to the relaxation oscillation in the lasing channel 
[131]. We note tha t in the limit of negligible amounts of clustered Er^+ ions (e.g., AiEr — 0), 
the power transients damp into a constant steady-state after few hundred microseconds. Thus, 
the dynamic behavior is similar to low-concentration gain-clamped EDFA [131, 136-138], but 
with typically smaller power excursions [139]. W ith increased amount of Er^^ clustering, the 
period of the relaxation oscillation increases and no oscillations’ damping is observed. In fact, 
there is a limiting value of A:Er, — 0.1, for achieving damped oscillations in the laser and the 
surviving signal output power. For values of k^r higher than  this critical value, e.g., /cEr =  0.14, 
the amplitude of the oscillations in the laser power increases with time [135], and self-pulsation 
in the signal power is generated [see Fig. 4.2(a)]. We note th a t the pumping process builds up 
the inversion of the homogeneous Er^+ population between successive pulses [see Fig. 4.2(b)], 
whereas the inversion of the clustered Er^+ ions becomes depleted in this time interval. Thus, 
self-pulsation in the signal power is established for effective pumping rates too weak to counter­
act the fast upconversion process in the clustered Er^+ ions during the laser channel relaxation 
oscillation. It is worth to mention, however, th a t although an increased amount of Er^+ ions in 
clusters wastes the laser power, and therefore reduces the lasing efficiency, clustering has only
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Figure 4.2: Transient response of (a) the surviving channel (As =  1562 nm) output power 
and (b) the normalized length-averaged inversion of the homogeneous population (left 
side) and the clustered Er^+ population (right side). Here, nine out of ten channels are 
dropped at t =  0 from initially steady-state, for two different relative number of Er^+ ions in 
clusters (fcEr). The Yb^+-Er^+ ratio is A / y y =  1, and the fibre length is L =  16.5 cm, for 
which the gain is approximately flat.
a small effect on the gain-clamped amplifier characteristics (e.g., the signal gain, gain-flatness 
and noise figure) because the overall Er^+ population inversion is approximately fixed.
Figure 4.3 depicts the transient response of the channel at Ag =  1562 nm when the other 
channels are added at t  =  0 to an initial steady-state regime. Again we note the similarity be­
tween the dynamic behavior of non-clustered gain-clamped EYDFA and the low-concentration, 
gain-clamped EDFA [131, 136-138]. The amplification process of the signal saturates the ho­
mogeneous Er^'b inverted population below the threshold value, and the recovery time of the 
signal power undershoot depends on the pump efficiency [137]. Increasing the number of clus­
tered Er^+ ions also increases the absorption losses. This, in turn , increases the undershoot
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Figure 4.3: Transient response of (a) the Ag =  1562 nm .channel output power and (b) the 
normalized length-averaged population inversion of the homogeneous population (left 
side) and the clustered Er^+ population (right side). Here, nine channels are added at t =  0 
from initially steady-state, for two different relative number of Ei^+ ions in clusters (fcsr)- 
The fibre length is L =  16.5 cm.
in the signal output power [see Fig. 4.3(a)]. In fact, we note th a t for the ^Er — 0.15 case, 
the pumping process rebuilds the average inversion of the homogeneous Er^+ population 
toward the laser threshold [see Fig. 4.3(b)], and the Ag =  1562 nm channel power relaxes to­
ward a constant steady-state regime only after several tens of microseconds. We conclude th a t 
clustered Br^+ ions act as a distributed saturable absorber th a t inhibits stable gain-clamping 
conditions if the clustering ratio is too high and the pump power is no t strong enough. For 
example, the delay in the onset of relaxation oscillation (calculated from t = 0 until the first 
oscillations peak) increases from Atoc — 18.9 /xsec to Atoc — 60 fisec for kEr — 0.12 and 
kEr — 0.15, respectively.
Next, we consider the effect of the Yb^+-Er^"*' ratio on the dynamic response of the amplifier.
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The Yb^‘*‘ concentration has only small effect on the population inversion and hence on 
the static gain-clamped amplifier characteristics, e.g., the gain-flatness. However, the dynamic 
behavior of high-concentration gain-clamped EYDFAs depends strongly on the value of the 
Yb^+ concentration. Figure 4.4 depicts the transient response of the Ag =  1562 nm channel 
output power when rest of the channels are (a) dropped and (b) added at t  =  0 from an initial 
steady-state regime. Here, different Yb^"^-Er^"^ ratios are assumed for kEr = 0.17 clustering. 
For a relatively small Yb^+-Er^+ ratio (e.g., Yyb/iVEr =  1.5), the power in the surviving 
channel following the removal of o ther channels shows steady oscillations w ithout damping [cf. 
Fig. 4.4(a)]. On increasing the Yb^*  ^ concentration, the effective pumping rate also increases.
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Figure 4.4: Transient response of the Ag =  1562 nm channel output power, when 9 channels 
are (a) dropped and (b) added at i =  0 from initially steady-state, for different Yb^+-Er^+ 
ratios. The fibre length is L =  16.5 cm, and the relative number of Er^+ ions in clusters is 
^Br =  0.17.
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and the oscillation period decreases with time. For the given /ced there is a limiting value of 
Yb^"^-Er^+ ratio (A^bZ-^r)cr — 2.6 for which the transient behavior changes from nondamping 
oscillations into damped oscillations. For sufficiently high Yb^^-Er^"^ ratio, e.g., AVb/-^Er =  5, 
the relaxation oscillation in the laser channel are strongly damped, resulting in constant output 
power of the surviving signal within few hundred microseconds. We no te th a t for high Yb^+ 
concentrations, the inverted ions population increases near z = 0, with increased reabsorption 
losses. That, in turn, increases the initial undershoot in the surviving signal output power in 
the add case [cf. Fig. 4.4(b)] and delays the onset of relaxation oscillation.
F igure 4.5 depicts the param eter (the limiting value for the onset of instability) as 
function of the Yb^‘*'-Er^'^ ratio. We note th a t increases monotonically with the Yb^+-Er^+ 
ratio because stronger effective pumping power is required to bleach the upconversion process 
in Er^+ clusters and to converge to a constant steady-state (cf. Fig. 4.2). We conclude th a t the 
presence of Yb^+ ions tends to stabilizes the surviving signal output in high-concentration gain- 
clamped EYDFAs, even with a large number of Er^+ clusters. These results are in qualitative 
agreement with perturbation analysis of the Er^"*'-Yb^+ codoped system [55].
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Figure 4.5: Calculated stability diagram as function of the Yb^+-Er^+ ratio (Ayy/AEr) and 
the relative number of Er^+ ions in clusters (/cBr)- The circles represent the exact numerical 
solution whereas the solid line denotes a parabolic interpolation to the exact solution. The 
fibre length is L =  16.5 cm.
4.3 Amplifier Design Optimization 75
4.3 Am plifier D esign  O ptim ization
An im portant design constraint on a WDM system is the maintaining of equal gain among 
different amplified channels [7]. To this end, a fibre length should be selected which maximizes 
the gain fiatness figure-of-merit (FOM), where the FOM is defined by the dimensionless ratio 
G/AGmax [50]. Here, G is the average of the integrated gain G(0 ,T , A) (cf. Section 3.1.1) over 
all the amplified signal channels, and AGmax is the maximum deviation of the integrated gain 
over these channels. Thus, in an optimal gain-flattened design the FOM is maximized, and the 
amplified signal channels achieve high gain with the smallest gain fluctuations among different 
channels. To dem onstrate the effect of this optim ization on the dynamic param eters, we show 
in Fig. 4.6 the dependence of the power excursions amplitude (defined as the absolute sum of 
the maximum overshoot and undershoot of the surviving signal power [138]) and the relaxation 
oscillation frequency (average of the initial 100 periods) on the fibre length. There exists a fibre 
length for which this amplitude is the smallest one. This particular length is different for the 
drop and add cases. For shorter or longer fibre lengths, the compensating laser power becomes 
smaller, and the laser oscillations deplete the inverted population of Er^"^ ions more efficiently 
upon channel removal, which, in turn , increases the amplitude of power excursions. We note 
th a t the dynamic response of a fibre with lengths L ~  8 cm (lower limit for laser threshold) 
to L ~  17.5 cm is acceptable, as the amplitude of power excursions is less than  a fraction of 
dB in bo th  the add and drop cases [131]. In particular, the dynamic response of a fibre with 
a  flattest-gain (L ~  16.5 cm) allows acceptable compromise between flatness and dynamic 
performance when designing high-concentration gain-clamped EYDFAs. The relatively small 
amplitude of the power excursions dem onstrated in Fig. 4.6 is a consequence of the high Er^+ 
concentration assumed in our calculations. If one assumes a lower Er^+ concentration, e.g., 
N ei- =  4 X  10^ ® m~^, one obtains a different minimum power excursions amplitude ~  0.12 dB, 
with fibre length of L ~  19 cm, in the drop case. We also note th a t the increase in the power 
excursions in longer fibre lengths is more significant in the add case than  in the drop case. 
In particular, for fibres longer than  L ~  20 cm, reabsorption losses become significant, and 
stable gain-clamping conditions cannot be obtained without an additional increase in the pump 
power. For such long fibres, the delay in the onset of relaxation oscillation is much bigger than  
the oscillations period (Atoc >  3Toc), so th a t the contribution of the initial signal undershoot 
to the amplitude of power excursions becomes dominant. The dependence of the relaxation
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Figure 4.6: The dependence of the amplitude of power excursions of the Ag =  1562 nm
channel (solid line) and the average relaxation oscillation frequency (dashed line), on the fibre 
length (L).
oscillation frequency on the fibre length is an interplay between the average gain, propagation 
time, lasing power, and saturation power [138], In particular, on increasing the fibre length, 
the average inversion along the fibre (and hence the average gain) decreases, whereas the 
round-trip time of propagation in the cavity increases. Thus, the average relaxation oscillation 
frequency of the surviving channel decreases on sufficiently increasing the fibre length [138], 
Furthermore, it is higher in the drop case than  in the  add case, in agreement with the results 
for low-concentration gain-clamped EDFAs [131, 137].
In the next examples we consider EYDFA with optimal length, namely for which the 
gain flatness FOM is maximized [50], Figure 4.7 shows the effect of the feedback laser wave­
length on bo th the ASE-induced worst channel noise figure and the amplitude of the power 
excursions. The noise figure is a merit for the noise degradation in the amplifier [5]. For 
a forward propagating signal it is defined by the ratio between the SNR at the entrance 
to the amplifier {z =  0) to the SNR at the amplifier output {z = L). The ASE-induced 
contribution to the noise figure for a signal channel with wavelength Ag is evaluated from 
Fq(L, Ag) =  1/G(0, L, Ag) • [2P+(L, Ag)/Po(A) +  1] [51]. Thus, the noise figure dependence on 
the laser wavelength is a consequence of bo th the signal gain, and the amount of ASE prop­
agating in the signal-hand. In particular, the ASE power depends on the spatial variation of 
the population inversion along the fibre length [51]. The noise figure is higher at shorter laser 
wavelengths, where the power of the compensating laser is stronger, and is nearly constant for
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Figure 4.7: The dependence of the amplitude of power excursions of the Ag — 1562 nm
channel (solid line) and the worst channel noise figure (i.e., the maximum of Fb(T, Ag), dashed 
line) of gain-flattened EYDFA, on the lasing wavelength. The lines represent a B-spline 
interpolation to the exact numerical solution [117]. '
longer wavelengths, i.e., for A >  1575 nm. On the other hand, the amplitude of the power 
excursions depends mainly on the spectral properties of the gain, and generally increases at 
the longer laser wavelengths. In particular, on increasing the lasing wavelength, the lasing 
process becomes less efficient due to the decrease in the Er^+ emission cross section, and gain- 
clamping conditions become less stable. Also, reabsorption due to excess of Er^+ clusters 
becomes weaker, which increases fcgj. and stabilizes gain-clamping conditions. We conclude 
tha t choosing a laser wavelength in the spectral range from A 1594 nm to A ~  1600 nm al­
lows minimum amplitude of power excursions in bo th  the add and drop case, with acceptable 
noise figure performance.
The effect of the Yb^+ concentration on the dynamics of gain-clamped EYDFA is further 
illustrated in Fig. 4.8. Here we show the dependence of the dynamic param eters on the pump 
wavelength for two values of Yb^"^ concentrations. In the drop case, the amplitude of power 
excursions is generally smaller near the peak Er^+ and Yb^+ absorption band, i.e., around 
Ap — 976 nm [Fig 4.8(a)]. On the other hand, in the add case, the amplitude generally 
increases at Ap =  976 nm in the limit of large Yb^+-Er^+ ratio [Fig 4.8(b)]. The amplitude 
increase is substantial at shorter pump wavelengths in the limit of smaller Yb^"^-Er^+ ratios. 
In this case, less efficient pump absorption along the fibre, and hence, larger reabsorption 
losses, increases the initial signal power undershoot. Furthermore, under these conditions,
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Figure 4.8; The dependence of the amplitude of power excursions of the Ag =  1562 nm 
channel (solid line) and the average relaxation oscillation frequency (dashed line) of gain- 
flattened EYDFA, on the pump wavelength Ap. Two different Yb^+-Er^+ ratios are shown in 
(a) drop and (b) add case. The lines represent a B-spline interpolation to the exact numerical 
solution.
is smaller and gain-clamping becomes unstable in the presence of excess Er^’*' clustering. We 
note th a t for bo th the add and drop cases, the relaxation oscillation frequency has a  maximum 
close to Ap ~  976 nm, and th a t the frequency of oscillations increases on employing higher 
Yb^'b-Er^+ ratio. Thus, short fibres with high Yb^+ concentration allow more stable gain- 
clamping conditions over a somewhat broader pumping bandwidth, with reduced sensitivity 
of the power excursion to variations in the pump wavelength (e.g., due to tem perature drift), 
compared to gain-clamped EDFAs [142]. It is worth mentioning, however, th a t in the gain-
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clamping regime, the choice of the pump wavelength almost does no t affect the Er '^*’ inversion, 
and, hence, the cavity design, i.e., the optimal flattest-gain fibre length [50].
Finally, we consider the effect of the pum p power and cavity losses on the gain-clamped 
EYDFA dynamics. These im portant design param eters affect the dynamic range of input 
signal powers for which particular gain-clamping conditions can be achieved. On decreasing 
the output mirror reflectivity at the laser wavelength from i?2 =  0.04 to Ü2 =  0 ,0 2 , the signal 
amplification becomes more efficient and the average gain increases from ~  19 dB to ~  23 dB, 
respectively. However, increasing the losses also increases the length of a gain-flattened fibre to 
~  20 cm, and the threshold pum p power for achieving gain-clamping conditions increases from 
P+ (0) 0.7 W  to P ^ (0 )  ~  1.8 W, respectively. For weak pumping just above the threshold,
the power excursions are more severe, in particular, for mirror reflectivity %  =  0 .0 2 , where the 
amplitude of power excursions can be as high as 0.18 dB. On increasing the pump power, the 
amplitude of power excursions decreases, and the relaxation oscillation frequency increases. In 
conclusion, we note tha t the effect of increasing the pump power is similar to increasing the 
Yb^+ concentration, i.e., it increases and, hence, suppresses self-pulsation in the presence 
of excess Er^+ clustering. However, because pumping of Er^+ jg mostly indirect, the effect 
of pumping in suppressing self-pulsation depends mainly on the Yb^'b-Er^+ energy-transfer 
efficiency. Furthermore, increasing the pump power reduces the signal conversion efficiency 
because the gain is fixed.
4.4 Conclusions
Time-dependent rate-propagation equations were used to study the dynamic response of short, 
high-concentration, gain-clamped EYDFAs, operating in the gain-flattened regime. Our results 
suggest th a t centimeters-long EYDFAs are attractive candidates for reconfigurable WDM net­
works, provided th a t the number density of Er^+ ions in clusters is kept small. In particular, 
we dem onstrated th a t the amplitude of power excursions in the surviving channel is typically 
small, e.g., less than  0.1 dB, for a wide range of practical operating conditions. These power ex­
cursions are much smaller than  the corresponding figures in conventional gain-clamped EDFAs 
[131, 136-138] and relatively long gain-clamped EYDFAs [59]. Also, circular, short EYDFAs, 
offer a fully integrable design [139], with smaller polarization effects compared with the re­
cently proposed high-concentration Er^'*'-doped waveguide amplifiers for WDM applications
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[132]. We suggest th a t further engineering of the glass host properties may extend the gain 
bandwidth of short EYDFAs.
We have shown th a t the noise penalty due to gain-clamping becomes smaller on selecting 
a feedback laser channel with wavelength sufficiently longer than  the WDM signal bandwidth, 
i.e., A >  1575 nm. On the other hand, increasing the laser wavelength also increases the 
amplitude of the dynamic power excursions, in particular in the add case.
The dynamic characteristics of the relaxation oscillations in the surviving signal are strongly 
dependent on the effective pumping rate of the Er^+ ions and on the degree of Er^+ clustering. 
In particular, a high density of Er^+ ions in clusters result in unstable gain-clamping conditions. 
This instability is characterized by undam ped oscillations of the surviving signal in the drop 
case and deep signal power undershoot in the add case. Increasing the Yb^+-Er^+ ratio allows 
achieving stable gain-clamping conditions over a  broader bandwidth of pump wavelengths, with 
lower sensitivity of the dynamic power excursions to fluctuations in the pum p wavelength. Fur­
thermore, employing higher Yb^+ concentrations increases the pum p absorption, and reduces 
the period of relaxation oscillations. This, in turn , effectively suppresses clustering-induced 
nondamping oscillations in the laser channel, provided tha t the Yb^+ concentration is higher 
than  a certain limiting value th a t depends on the degree of Er^+ clustering. On the other hand, 
reabsorption losses become more significant, increasing the initial signal output power under­
shoot in the add case. Thus, the optimal fibre param eters (e.g., fibre length) are a compromise 
between acceptable dynamic performance and the efficiency of the pump absorption.
Chapter 5
CW High-Power Lasers: 
Nd^“*“-Yb^“^ Codoped System
Y tterbium  doping in glass fibres results in a very efficient lasing transition w ith broad emission 
and absorption bands. Furthermore, it allows various pumping schemes and a wide tuning 
range of the laser wavelength for higher power applications (e.g., printing, marking and free- 
space communication) [92]. The simple two-level energy manifold structure of the Yb^’^  jon 
makes it relatively free of concentration quenching, allowing shorter fibre lasers with reduced 
nonlinearities and lower background losses [14]. These excellent features have led to the real­
ization of high-power, cladding-pum ped, Yb^'^-doped fibre lasers (YDFL) [82, 143, 144].
It is possible to further increase the output power, and extend the pumping schemes of 
YDFLs by using several wavelength multiplexed diode lasers as the pump source. To this end, 
the fibre glass is doped with bo th  the Nd^'^ and Yb^+ ions, which allows pumping the Yb^+ 
ions indirectly through a non-radiative energy transfer from the Nd^+ ions [20, 115]. Both 
Nd^+ and Yb^+ emit in the wavelength range of ~  1 fim, and thus the output power from 
cladding-pumped NYDFLs can be scaled to hundreds of watts [106, 145]. In order to achieve 
such high output powers without reaching the threshold of nonlinear effects, the dimensions of 
the fibre core must be increased and the fibre becomes intrinsically multimode [12]. Higher- 
order mode suppression techniques (e.g., bending losses) can be applied to improve the laser 
output beam quality (cf. Section 1.4).
Previous models of high-power RE-doped fibre lasers have been limited to single-ion sys­
tems, such as either Nd^"b- or Yb^+-doped fibres [121], or other codoped systems, e.g., Er^+-
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[53]. Our goal here is to extend these works and to dem onstrate models of NYDFLs 
based on numerical calculations of the rate-propagation model th a t we introduced in Section 
2 .2 .2 . Furthermore, we focus only on steady-state solutions to the coupled rate-propagation 
equations (2.29)-(2.31), (2.36) and (2.37). Nonlinear effects, such as SBS, are disregarded in 
the present calculations.
The structure of this chapter is the following. In Section 5.1 we compare the accuracy of the 
approximate quasi-analytical solutions (cf. Section 2.3.4) to the exact numerical solution (cf. 
Section 2.3.3) of the rate-propagation equations (2.29), (2.30), (2.36) and (2.37). In Section 5.2, 
we consider some numerical examples of cladding-pumped high-power NYDFLs. In particular, 
we discuss the effects of several key design param eters (e.g., the pump power, fibre length, 
pump configuration, pump wavelengths, output mirror reflectivity, laser wavelength and the 
Nd^+ and Yb^'*' concentrations) on the laser output power and efficiency. We also demonstrate 
the effect of Nd '^*' clustering on the laser performance. Finally, our conclusions are drawn in 
Section 5.3.
5.1 V alidation of th e A pproxim ate Solution
In what follows, we present a set of examples of high-power NYDFLs. It is assumed th a t the 
pump power is wavelength multiplexed, e.g., at Ap =  808 nm, Ap =  940 nm and Ap =  976 
nm, so th a t it pumps bo th  the Nd^+ and the Yb^+ ions. Furthermore, we assume th a t the 
Bragg reflectors are centered at 1100 nm where bo th Nd^+ and Yb^+ ions have efficient optical 
transitions, and therefore the laser emits at this wavelength. Unless otherwise stated, the 
param eters used for the numerical calculations correspond closely to those of the experimental 
NYDFL described in [106], and are summarized in Table 5.1. For simplicity, we assume th a t the 
scattering losses are constant. We also assume th a t due to specialized fibre coiling techniques 
most of the higher-order modes are practically suppressed [106]. It is therefore sufficient to 
consider only the first two guided modes in (2 .1) and (2.28), i.e., the LPqi and L P n  modes.
In Fig. 5.1, we show the laser output power — Pg'*‘(L)[l -  i?2(As)], em itted from the 
output m irror a t z =  L, as a function of the to ta l injected pum p power P ^ (0 ). The lasing 
threshold is near Pp =  890 mW (see inset) and we note the linear increase of the output 
power without any sign of saturation a t high pump power. This behavior is in con trast to 
other codoped laser systems, e.g., Er^^‘-Yb^+ fibres [53], where the so called “energy-transfer
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Table 5.1; Parameters of the Codoped Silica Fibre
P a r a m e te r V a lu e N o te s
A. 1100 nm
TNd 0.4 msec Ref. [121]
TYb 1 msec Ref. [121]
(741 (A) Ref. [92]
(740 (A) Ref. [1]
(704(A) Based on Ref. [146]
(756(A), (765(A) Ref. [14]
P 40 1.73 X 10” ^^  m^sec"^
P 40 1 X 10“ ^^  m^sec"^ Based on Ref. [108]
P 45 5.5 X lO” "^* m^sec“ ^
P e c 1.92 X 10“ ®^ m^sec"^
-dcore 4.714 X 10-^° m^ Ref. [106]
n 1.46
NA 0.086 Ref. [106]
a 5 X 10~^ m “ ^
Fp 0.02
L 35 m Ref. [106]
P i  (A.) 0.98
P 2 (A s ) 0.04
N u d 1.32 X 10^  ^ m -^ Ref. [106]
A v b 2.87 X 10^  ^ m “ ^ Ref. [106]
k-^à 0
0.7-
0 .6 -
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Figure 5.1: Output power as a function of the input pump power F^(0). The pump
power is divided among three different pump wavelengths at Ap =  976 nm, Ap =  940 nm and 
Ap =  808 nm, with power of P+(0)/2, P +(0)/4  and P+(0)/4, respectively. The solids lines 
represent the exact solution of (2.29), (2.30), (2.36) and (2.37), whereas the circles represent 
the approximate quasi-analytical solution obtained from (2.42) and (E19). The rectangulars 
represent experimental results obtained from [106]. The inset shows the output power near 
the lasing threshold.
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bo ttleneck” limits the efficiency of the system. The slope efficiency (%  =  ^ ^ o u t/ '^ ^ p )  of 
the laser is about 0.71, which is in good agreement with the 0.72 efficiency reported in recent 
experiments [106]. Similar results are obtained with respect to the absorbed pump power, 
which indicates very efficient pump-power absorption in the fibre. The calculated threshold of 
the quasi-analytical solution is about 920 mW, in good agreement with the exact numerical 
value. We note th a t the approximate quasi-analytical results become less accurate as the pump 
power is increased, and th a t the slope obtained from the approximate solution is lower than  
th a t of the exact solution. This discrepancy is a result of the con tribution of the Ap =  976 nm 
wavelength to Pp{z) ,  which is not exactly exponential, as predicted by (E13) in Appendix E. In 
particular, under strong pumping conditions, the population N q{z ) builds up significantly near 
the injected pump end at z — 0, and the condition N q{z ) <C Nyb  leading to the approximation 
(E13) is not justified.
Figure 5.2 depicts the laser slope efficiency (?7d) and the laser threshold power as a function 
of the laser length (L). We no te th a t there is a good agreement between the quasi-analytical 
results and the exact numerical results over the entire range of fibre lengths and scattering 
loss (a). The dependence of the slope efficiency on the fibre length is in qualitative agreement 
with results obtained for the conversion efficiency {rjc = P^ t/Pp)  of typical strongly pumped 
fibre lasers [121]. T hat is, the slope efficiency increases with the fibre length until it saturates. 
This behavior strongly depends on the scattering loss, and is achieved in shorter fibre lengths 
for higher scattering loss, but with lower efficiency. The slope efficiency also depends on the 
pumping configuration, and higher slope efficiencies can be obtained by pumping a t z =  T. 
For example, when the scattering loss is a  =  5 x 10“  ^ m~^ the fibre lengths for which the slope 
efficiency is maximized are approximately 24 m for pumping at z =  0, and 33 m for pumping 
ai z = L. If the scattering loss is larger, i.e., a  =  5 x 10“  ^m~^, the corresponding figures are 9 
m for pumping at z =  0, and 13 m for pumping at z =  T. On the other hand, as expected the 
laser threshold shows only, weak dependence on the pumping configuration, while it is more 
strongly affected by the scattering losses.
5.2 Laser D esign  O ptim ization
Next, we consider few examples of a laser design optimization, in which we select the optimal 
laser length for maximizing the laser output power and hence the laser conversion efficiency.
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Figure 5.2: (a) Laser slope efficiency and (b) laser threshold pump power, as a function of 
the fibre length (L), for two values of the scattering loss (a), and for an input pump power 
of Pp =  500 W divided equally among Ap =  940 nm and Ap =  808 nm. The solid and dashed 
lines represent the exact solution of (2.29), (2.30), (2.36) and (2.37), for pumping at z =  0 
or at z =  L, respectively. The circles represent the approximate quasi-analytical solution 
obtained from (2.42) and (E19).
Figure 5.3 shows the effect of multiplexing two pump sources with different wavelengths on 
the laser efficiency. The figure depicts contour lines of (a) the optimal laser length and (b) 
the corresponding output power, as a function of a pump wavelength in the absorption
band (in the range 850-1050 nm) and a pump wavelength in the Nd^ "*" absorption band (in the 
range 700-850 nm). We note the existence of two Nd^"^ pump wavelengths around Ap =  745 
nm and Ap =  808 nm, where the optimal laser length is not sensitive to the choice of the Yb^"^ 
pump wavelength for a wide range of values between Ap =  880 nm to Ap =  940 nm. The
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Figure 5.3: Calculated contour plots of the (a) optimal laser length (in meters) and (b)
corresponding output power (in watts), as a function of the Yb^+ and Nd^+ pump wavelengths, 
for an input pump power of (0) =  500 W divided equally.
highest efficiency is achieved at pump wavelengths where bo th the Nd^+ and Yb^"b absorption 
is maximized, e.g., on pumping the Yb^+ at Ap =  976 nm and the Nd^+ at Ap =  808 nm. 
We note tha t the efficiency decreases on changing the Yb^+ pump wavelength from Ap =  976 
to Ap =  940 by less than  10%. Thus, the Yb^+ pump wavelength selection is more limited 
by the optimal laser length, which should be kept short enough to reduce the effect of fibre 
nonlinearities.
In Fig. 5.4, we show a contour plot of (a) the optimal laser length and (b) the corresponding 
output power, as a function of the laser wavelength and the output mirror reflectivity aX z = L. 
It is found that for sufficiently high reflectivities {R2 >  5 x 10“ ^), the optimal laser length is
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Figure 5.4: Calculated contour plots of the (a) optimal laser length (in meters) and (b)
corresponding output power (in watts), as a function of the laser wavelength (As) and the 
output mirror reflectivity at z =  L {R2 ), for an input pump power of P+(0) =  500 W divided 
equally among Ap =  940 nm and Ap =  808 nm.
not sensitive to the choice of the laser wavelength Ag, as long as Ag >  1045 nm. For example, 
the optimal laser length in the spectral range 1050 nm <  Ag <  1130 nm is about 24 m, for 
an output mirror reflectivity of i ?2 — 8 x 10“ .^ The spectral width of approximately constant 
optimal length becomes broader as the output mirror reflectivity becomes higher. We conclude 
that an optimum use of the same laser cavity can be realized for a range of laser wavelengths, 
which can be an im portant design issue for tunable laser applications. There exists an optimum
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laser wavelength for obtaining the highest efficiency, i.e., Ag 1050 nm; however, it is at an 
extremely small optimum output mirror reflectivity (i?2 — 10~^). For shorter wavelengths 
(Ag <  1050 nm), the output power is limited by a strongly competing ASE due to transitions 
a t A ~  1060 nm, and the output m irror reflectivity should be increased in order to suppress 
this ASE and reach threshold. For longer wavelengths (Ag >  1050 nm), the decrease in the 
laser output power is due to the smaller Nd^+ and Yb^+ emission cross sections [14, 92], and 
the wavelength limit for laser tuning is eventually fixed by the laser cutoff conditions. In 
relation to these results, we note tha t the laser power can be tuned across a somewhat larger 
spectral bandwidth compared with either pure Nd^+- or pure Yb^+-doped fibre lasers [92]. 
Furthermore, some control over the gain spectrum  can be achieved via selection of the relative 
dopan t concentrations, which might offer even better tuning flexibility compared w ith pure 
lasers. It is also worth to mention th a t the laser output power tuning depends on the choice 
of the glass host, which modifies the cross sections of bo th the Nd^+ and the Yb^+ ions.
O ther im portant design param eters th a t we consider are the Nd^+ and Yb^+ concentrations. 
In Fig. 5.5, we plot the contour lines of the optimal laser length and the corresponding output 
power, versus the Nd^"^-Yb^"'" ratio and the Yb^+ concentration. The optimal laser length 
is found to be strongly dependent on the Yb^+ concentration and much less on the Nd^’’ 
concentration, in particular in the limit of high Nd^+-Yb^+ ratios. We note th a t the optimal 
length generally decreases with increasing Yb^+ concentration. The highest laser efficiency 
tha t can be obtained from varying the Yb^ "*" and Nd^"^ concentrations is approximately 0 .77 . 
Further increase is ultim ately governed by concentration quenching effects, e.g., the formation 
of Yb^+ ion clusters tha t inhibit the Nd^+-Yb^+ energy transfer and ean self-absorb the em itted 
light. On increasing the Nd^+-Yb^+ ratio, the efficiency first increases due to the improved 
pump absorption, reaches an optimum value and then decreases. This saturation effect is a 
consequence of the cross-relaxation losses of Nd^"^ ions, which are more significant in higher 
Nd^+ concentrations where the average distance between two Nd^ "** ions is smaller.
The importance of Nd^+ ion-ion interactions for the laser efficiency is further illustrated in 
Fig. 5.6. Here, we present the output power of an optimal length NYDFL versus the Nd^+ 
concentration, w ith the fraction of clustered Nd^+ ions (/cNd) as a param eter. The correspond­
ing dependence of the optimal laser length is similar to th a t of Fig. 5.5, i.e., it decreases with 
increasing the Nd^+ concentration, more strongly in the limit of small Nd^+ concentrations.
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Figure 5.5: Calculated contour plots of the (a) optimal laser length (in meters) and (b)
corresponding output power (in watts), as a function of the Nd^+-Yb^+ ratio (A^Nd/-^Vb) and 
the Yb^+ concentration (Nyh), for an input pump power of F+(0) =  500 W divided equally 
among Ap =  940 nm and Ap =  808 nm.
The highest laser efficiency tha t can be obtained by varying the concentration depends
on the amount of Nd^'^ clusters in the system. In particular, as the fraction of Nd^"^ ions 
in clusters is increased, the efficiency of the NYDFL decreases, and the optimal Nd^+ con­
centration becomes smaller. Note the difference between the effect of Nd^+ clusters in this 
system, with the effect of Er^+ clusters in Er^'^-doped systems. While in the four-level system 
of Nd^”*" the effect of clusters is to lower the population density of the manifold due to an 
increase in the cross-relaxation rate, as well as to reduce the number of Nd^’*' ions th a t interact 
with Yb^+, the three-level Er^ "*" clusters absorb the signal th a t is em itted and amplified by 
the homogeneous ions. Therefore, the decrease of the NYDFL efficiency due to an increase in
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the number of clustered ions is less significant than  in three-level systems (e.g., see [50]). For 
example, the maximum efficiency of a system with full clustering (&Nd =  1) is 0.56, for a  Nd^+ 
concentration of A^ Nd — 1 x 10^^  m~^, whereas the corresponding figures for a system without 
clustering (k^d =  0) are 0.73 and jV^d — 8.5 x 10^ ® m~®, respectively.
5.3 Conclusions
In this chapter we presented a theoretical analysis of high-power NYDFLs, based on a model 
tha t takes into account the energy transfer between Nd®+ and Yb®'*', cross relaxation in the 
Nd®'*' ions system, and the propagation of higher-order modes. We considered examples of 
cladding-pumped NYDFLs operating at spectral bandwidth in the vicinity of 1100 nm, where 
bo th the Nd®'*' and Yb®'*' have efficient optical transitions. Our results demonstrate the high 
slope efficiency of NYDFLs, about 0.71, in agreement with recent experimental results [106]. 
It has been shown, th a t pumping at z ~  L  leads to higher slope efficiencies, particularly in 
the limit of longer fibres. On the o ther hand, the pumping configuration has been shown to 
have only a small effect on the laser threshold. The optimal fibre length for achieving the 
maximum output power can be found by tuning the Nd®'*' and Yb®'*' pump wavelengths and 
is no t sensitive to the wavelength selection w ithin a large bandwidth of the Yb®'*' absorption 
band. Pumping a t z =  0 with wavelengths of Ap =  940 nm and Ap =  808 nm, the optimal fibre 
length is ~  24 m, the slope efficiency is ~  0.66, and the laser threshold is ^  0.91 W. In practice.
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however, the choice of the fibre length and hence the achievable output power are limited due 
to fibre nonlinearities. On increasing the Yb®"** concentration the laser becomes more efficient, 
whereas the optimal Nd®"*" concentration is limited by concentration quenching. In particular, 
Nd®+ clustering effects can reduce the maximum power of the NYDFL. Assuming a typical 
value of 18% of the Nd®+ ions in clusters [108], we find that the optimum Nd®+ concentration is 
A n<i — 4 X10^ ® m “ ®. We have shown th a t the laser wavelength can be tuned in wide range, e.g., 
from about 1050 nm to 1120 nm (and beyond), with only small variation in the optimal laser 
length, provided the m irror reflectivity is high enough. We also compared the approximate 
quasi-analytical solution w ith the exact numerical solution of the rate-propagation model. It 
was shown th a t the approximate results are in good agreement with the exact numerical results 
for a range of fibre lengths and pumping configurations. The approximate solution becomes 
less accurate on pumping at Ap =  976 nm, particularly in the limit of high pump power.
Chapter 6
Conclusion
6.1 R eview  and A chievem ents
This work presents a new formulation to the theory of nonlinear short-pulse propagation in 
a doped fibre amplifier. We have derived tim e-dependent, spectrally-resolved propagation 
equations for the pulse power, which include the most im portant dispersive and nonlinear 
effects on the amplified pulse. In particular, our equations account for gain saturation, gain 
dispersion, waveguide and m aterial dispersion, fibre nonlinearity, stim ulated Raman emission, 
spontaneous Ram an emission w ith tem perature dependence, Raman dispersion and ASE noise.
The m athem atical model presented in this work allows us to approximate broad bandwidth 
pulse propagation in doped optical fibres, w ithout reverting to the generalized NLSE for the 
complex envelope of the pulse. It simultaneously describes the amplified pulse in a unified 
two-dimensional tem poral and spectral representation, w ithout any a priori assumptions on a 
specific time-frequency distribution [60]. One advantage of this approach is th a t it takes into
account the full spectral dependency of the dopant susceptibility and the Ram an contributions,
1using measured cross sections. Furthermore, some of the NLSE restrictions are relaxed in our I
model, e.g., we do not assume Taylor expansion of the gain and dispersion contributions a t the •
pulse central wavelength, and the incident pulse is no t restricted to be quasi-monochromatic. I
Our calculated spectral power density distribution can be compared directly to experimental 
measurements of the amplified pulse spectrum  using delay lines [126]. The model is restricted, 
however, to pulse durations for which we can assume therm al equilibrium within the Stark 
manifolds. Furthermore, it is clear th a t our approach cannot describe some of the wave behavior 
of the pulse, e.g., as manifested in the interference of different phase contributions to the same
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pulse spectral component in SPM [16, ch. 4].
Numerical solutions of our model equations were employed to analyze short pulse ampli­
fication in RE-doped fibres. We dem onstrated the significance of tuning the incident pulse 
wavelength on the amplified pulse characteristics in dispersion-shifted EDFAs, e.g., the output 
pulse energy spectrum, chirp and tem poral duration. In particular, our model predicts gain 
narrowing, as well as the observed nonlinearity-induced reshaping of the propagating pulse in 
the fibre anomalous and normal dispersion regimes. We also studied the effects of SRS losses on 
short amplified pulses in normal-dispersion EDFAs. To this end, we analyzed the dependency 
of the pulse spectrum  red-shift on such param eters as the pulse peak power, the pump power 
and the fibre length. U ltrashort pulse propagation in high-power normal-dispersion YDFAs 
was calculated for a range of design param eters (e.g., the incident pulse wavelength, pulse peak 
power, Yb®^ concentration, pum p filling factor, fibre length, pumping configuration and pump 
power.) Our results suggest th a t linearly-chirped amplified parabolic pulses can be achieved 
by tuning the incident pulse peak power and wavelength. An im portant conclusion from this 
analysis is th a t there is an optimum fibre length for obtaining a linearly-chirped, spectrally- 
flat, high peak-power amplified pulse. We also found that there is an optimum pump power 
for achieving maximum spectral compression of the amplified pulse from a negative-chirped 
incident pulse. Our numerical simulations are in good qualitative agreement with experimental 
measurements, and in accordance with the results of the generalized NLSE approach.
In this work we also present a theoretical study of the dynamics of short-, high concentration, 
gain-clamped EYDFAs. Here we analyzed dynamic effects of Er®+ clusters, as well as effects 
of Yb®+ concentration, fibre length, lasing wavelength, pump wavelength, pump power and 
cavity losses. In particular, we studied the transient power excursions and the relaxation 
oscillation frequency of a signal channel when other signal channels are added or dropped from 
an initial steady-state configuration. Our numerical results dem onstrate the importance of 
Yb®"*"-sensitization for achieving stable gain-clamped operation in a wide range of operating 
conditions. We show th a t the am plitude of power excursions is typically small, e.g., less than
0.1 dB, provided th a t the amount of Er®+ ions in clusters is kept small.
We further introduced a detailed rate-propagation equation model for the Nd®'*'-Yb®'*' 
CO doped system. Our model takes into account energy transfer between the Nd®+ and the 
Yb®"*" ions, as well as cross-relaxation between the Nd®"*" ions. The model also includes contri-
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butions of high-order modes to the ASE. Numerical results of cladding-pumped NYDFLs with 
DBR mirrors a t either end were presented. We found the optimal laser design by considering 
the effects of the Nd®+ and Yb®"*" concentrations, pump wavelengths multiplexing, output mir­
ror reflectivity and the laser wavelength. Approximate, quasi-analytical solutions to the model 
equations were derived, based on a few simplified assumptions, such as negligible Nd®"*" ion-ion 
interactions, weak ASE, and very small inverted ion population of the  excited ^F^ / 2  &nd 
states. Numerical examples show good agreement between the quasi-analytical solutions and 
the exact solutions for a range of fibre lengths and pumping configurations. Furthermore, our 
theoretical results were found to be in good agreement with recent experimental results.
The topics th a t were covered by our research extend previous works on RE-doped pulsed 
fibre amplifiers, as well as RE-codoped fibre lasers and amplifiers. In particular, we extended 
previous research on pulse propagation in doped fibres to the mixed spectrotemporal domain, 
by studying amplifier design param eters tha t were no t considered in detail before. The transient 
analysis of short, high-concentration EYDFAs, was extended to the gain-flattened regime, 
which is applicable to power amplifiers in WDM networks. We also extended, for the first 
time, the analysis of high-power YDFLs to include codoping with Nd®"*" ions.
6.2 Suggestions for Further Work
W ith  some minor modifications, the spectrally-resolved pulse rate-propagation equation model 
presented herein can be also employed to other types of doped systems, and to different inci­
dent pulse shapes. For example, it can be used to analyze hyperbolic-secant pulses th a t are * 
im portant in the context of optical solitons for lightwave communication systems [147]. An­
alytic approximations to the pulse propagation equation can simplify the solution procedure, 
and provide im portant insights as to the effects of various design param eters on the amplified 
pulse characteristics. The model can be also used to analyze the amplification of more complex 
incident pulses, e.g., multi-wavelength WDM signals, using properly designed incident pulse 
distributions [119]. By considering additional propagation equations for the higher-order LP 
modes, our model can be extended to the multimode regime [15]. In this case, the output 
pulse shape can account for intermodal dispersion effects due to the different modes group 
velocities, e.g., in ultrafast fibre laser systems th a t employ multimode dimensions fibres. Our 
rate-propagation model can be combined with a solution scheme for the fibre modes in order to
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study the effects of gain and nonlinearity-induced changes in the refractive index on the modal 
structure of the pulse field, which can be significant in the limit of very strong nonlinearities 
[16]. If the transverse distribution of the incident pulse envelope is known, it is straightfor­
ward to extend our model to account for more complex doping profiles, e.g., by calculating 
the overlap integral between the modal envelope and the doping profile [48]. It is also of in­
terest to study fibres with more complex geometries and higher index con trast, e.g., photonic 
crystal fibres, which offer greater flexibility in the design of the dispersion profile [148] and the 
effective nonlinear threshold [149], compared with standard index-guiding fibres. To this end, 
the dispersion relation of the guided mode in such fibres need to be found, e.g., by using the 
effective index method [150].
By taking into account the fine structure of individual Stark-levels, the accuracy of our 
model in the gain saturation regime can be improved [33]. To this end, one has to use the 
full expression for the doped ions atomic susceptibility, which includes summation over all 
the Stark-level transitions. The calculations require knowledge of the individual Stark-levels 
energies [93] and the cross sections and transition rates of the individual transitions, which 
depend on the glass composition and are often unknown experimentally. Fitting methods can 
be employed in order to characterize the Stark-level transitions and to calculate the saturated 
complex atomic susceptibility [98]. For very short pulses (e.g., pulse widths shorter than ~  200 
fsec) our assumption on therm al equilibrium within the Stark manifolds is not justified, and 
the to ta l doped ions atomic susceptibility cannot be expressed as the sum of all susceptibilities 
associated with the individual Stark-sublevels transitions [2, 33]. In th a t case, each Stark 
levels transition must be considered independently; taking into account its coupling to all 
other transitions [5, ch. 1], [33]. Further improvements in the accuracy of the model beyond 
the rate-equation approximation (i.e., for pulse widths shorter than  few tens of femtoseconds 
[4]) should take into account the coherent interaction between the dopant atoms and the optical 
field, as given, e.g., by Bloch equations [32].
In order to solve the spectrally-resolved pulse propagation equation w ith reasonable compu­
tational resources, we had to transform  it into a retarded frame moving at a constant reference 
group velocity (cf. Section 2.3.1). While this technique is quite accurate for fibre amplifiers, 
it cannot be readily applied to model pulsed fibre lasers, where bo th  forward and backward 
spectral densities should be taJœn into account. To overcome these difficulties, the counter-
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propagating powers can be solved in iterations. Also, it is possible to significantly reduce the 
com putation tim e of the solution in the fixed frame by employing analytic approximations 
to the spatial derivatives. .In particular, pseudospectral methods allow to approximate the 
spatial derivative using the differentiation theorem for Fourier transforms [151]. An efficient 
calculation of the spatial derivatives in our model equations can be implemented using the fast 
Fourier transform algorithm, while taking proper care of the boundary conditions a t the fibre 
ends.
Finally, our CW and quasi-CW  rate-propagation equation models can be extended to study 
the effects of fibre nonlinearities on pulse generation and amplification in Q-switched fibre lasers 
and coupled oscillator power amplifiers. These systems provide high-energy, intense nanosecond 
duration pulses, which are useful in many industrial, sensing and nonlinear optics applications 
[77]. Under quasi-CW  conditions, one can derive a time-dependent nonlinear propagation 
equation for the approximately monochromatic amplified pulse, which retains the nonlinear 
index contributions in (2.6). Nonlinear scattering, e.g., due to SBS, can be also included by 
solving a set of equations for the incident pulse and the generated Stokes pulse. The extended 
model can be solved numerically using a m ethod similar to the one described in Appendix D, 
while taking proper care of the boundary conditions.
Appendix A
Derivation of the Spectrally-Resolved 
Pulse Propagation Equation
Pho ton transfer in a general dispersive, isotropic medium, whose properties can also change in 
time and space, was considered in detail in the framework of radiative transfer theory [100 , 101]. 
Here we apply this theory to model pulse amplification along a doped fibre. We define the 
distribution function p) of photons th a t propagate in the forward z direction along the
fibre such th a t /d®rdz/ is the number of photons a t time t  in differential volume element d®r, 
in frequency interval dz/, centered at (r, z/). The number of photons change in time as the 
photons stream  along the fibre, due to the interaction of photons w ith the dopant ions and the 
glass host molecules, e.g., due to stim ulated emission, absorption, and scattering of photons. 
Thus we have the following balance equation [101, ch. 2]
^  ( fd^rdp) = g{r, t, p)Vgf{r, t, z/)d®rdzv +  riniCT2 i{p)N2 {r, t)Pg/o(r, z/)d®rdz/, (A l)
where g{r,t ,u)  =  N 2 {r^t)a2 i{p) — N i{ r , t )a i 2 {p) — o:(z/) is the local gain per unit length, 
which includes the dopant contribution th a t can be derived from the imaginary part of the 
atomic susceptibility Xb (2 .2) [33] and the scattering losses a{p). The function fo{r,p) is 
the distribution of photons th a t contribute to spontaneous emission into one mode, rim is an 
effective number of transverse fibre modes and Vg{r^t,p) denotes the photons group velocity 
in the fibre. After some algebraic m anipulations, it is straightforward to obtain the following
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equation [101 , ch. 2]
dt d x \ d t  )  d y \ d t )  d z \ d t  )  d v \ d t  )
=  9{rX'^)Vgf{rA,'t^) + nm(T2\{v)N2{r,i)Vgh{r,v), (A2)
which can be written in more compact form using vector no tation
=  g{r, t, p)Vgf{r, t, p) +  MmO-2i W ^ 2(n  t)Vgfo{r, p). (A3)
Introducing the optical intensity per unit bandwidth Is{r,t,p) = hpVgf,  representing a time- 
frequency distribution of an amplified pulse along the fibre [60], and making use of the derivative 
along the propagation pa th , i.e., d/dt  = Vg • d/dz,  allows us to write (A3) as [101 , ch. 5]
=  g{r,t ,p)Is{r, t ,p)  +  7%m(T2i ( z / ) ^ ( r ,  ()7o(r, i/), (A4)
where Io{r,p) =  hpVgfo is the spontaneous emission intensity per unit bandwidth into one 
mode. Our next step is to combine (A4) with the photons equations of motion. These equations 
are given by [99]
^  (A5)
dk — —27rVrZ/, (A6)
where p{r, t ,k)  is given by the dispersion relation of the fibre, k is the wavenumber in the 
active fibre and k = kz is the wave vector. Taking the to tal time derivative of p , we find th a t
where we used the equations of motion (A5) and (A6 ). Introducing the bulk refractive index
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of the fibre n f(r, t, A;) =  ckf2'KVy (A7) can also be written as 
du V (  dui
This result can be cast in a somewhat different form if we consider the refractive index to be a 
continuous function of r , t, and z/, i.e., ?%f(r, t, zv). Using the chain rule for partial derivatives, 
we obtain [100]
which can be written, using again the derivative along the propagation pa th , as
z -K w L  “ »>
Equation (AlO) is an equivalent representation of the photons equation of motion (A5) and 
(A6). Substituting (AlO) into (A4) and making use of the explicit form of the group velocity,
i.e., Ug(r, t, z/) =  [ l /c  - d{vni)jdv\  we derive the following equation for the rate of change 
of the pulse intensity per unit bandwidth along the fibre:
1 d{un{) dis dis u duf dis 4
=  g (n  A, u)Is{r, t, u) +  nmCr2i(z^)A^2(z:, t )h{r ,  z/), (A ll)
where the refractive index n f(r, A, u) in (A9)-(A11) is given explicitly by [33], [65, ch. 16]
n f(r,t,z /)  =  n(r,z/) +  Ar2(r,t)Ü 2i(z/) -  iV i(r,t)d i2(i^) 4- 7%2 J  Is{r,t,u)du.  (A12)
We note th a t (A ll)  can also be w ritten using the to ta l path  length derivative d /dz  along the
fibre as
+  =  p(r, f^)-fs(r, A, z/) +nmU'2i(z/)A2(r,f:)7o(r, z/), (A13)
which shows th a t if the refractive index is independent of time, (A13) reduces to the “classical” 
power transfer equation th a t is part of the quasi-CW  laser theory [24].
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For an effectively single-mode pulse propagation, radiation modes can be ignored. Assuming 
th a t the transverse field distribution does not vary in the propagation direction and only the 
modal gain varies in the propagation direction, we define the power density per unit bandwidth, 
7s, by the equation
Is {r, Uo (p, u) I ^ Ps (z, t, u). (A14)
We also assume
Io{r,u) -  \Uo{p,u)fPo{u), (A15)
where Pq{u) = 2hu is the contribution of spontaneous emission into the mode [61]. Substituting 
(A12), (A14) and (A15) into (A ll) , and integrating over the entire transverse cross section, 
we obtain the following propagation equation for the power density per unit bandwidth
dz
=  Peff(^, A, u ) P s { z ,  t, v) -b nmFo(z/)Fb(z/)<T2i(z/)A^2(z, t), (A16)
where Qe^{z, t, v) is the effective local gain per unit length, given by
= TQ{u)[N2 {z ,t)a 2 i{u) -  N i{ z ,t)a i2 {v)] - a ( z / ) ,  (A17)
and neff(z,t, z/) is the effective refractive index of the fundamental LFqi mode in the core, 
which is given by
neff(z,t,z/) = 27t J  n{p ,u)\UQ{p ,u)f pdp
, ro(zv)c
47TZ/ N 2 {z,t)(J2 i(u) -  N i{ z ,t)a i2 {u) . (A18)
O ther term s in (A16) are Ves{z,t,u) — [l/c-^(z/neff)/9z/j  ^ the corresponding effective group 
velocity, and the nonlinearity coefficient 7 (1/) =  n 2/Aeff, where A qs is the effective area of the
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core. This param eter depends on the fundam ental LPqi mode envelope through:
_ (  z/)|^pdpdy?) 1
!!pa{p ,i^)Ÿpàpd ip  2 7 r/|t/o (p ,i/) |V d p   ^ ^
Employing the relationship Pg(z,t,A)AA =  z/)Az/ we obtain (2.7) in the text for the
spectral power density. We note th a t the procedure discussed herein essentially assumes that 
the nonlinear index contributions due to the second and third term s on the RHS of (A12) 
are small, so th a t the effective index contributions in (A16) can be calculated based on the 
variation theorem [80].
Appendix B
Finite-DifFerence Approximations to 
the Rate-Equations
In order to solve the nonlinear rate-equations for the various codoped systems presented in 
Section 2 .2 , we transform  them  to an implicit finite-difference form. For Er®+-Yb®+ codoped 
fibres, we reduce the rate-equations of the homogeneous Er®+ and Yb®+ ions [Eqs. (2.16)- 
(2.18)1 into an implicit equation F[{N 2 )n,k) == 0 for the unknown {N2 )n,k- Using (2.17), we 
obtain [52]
{Wi3)n-l,k { N l ) n - l , k  +  { N l ) n , k +  i ^  +  A  ' 2 t3 2  A t (A2)n,A: +  (-^ l)n ,fc
-f R qi (A^l)n—l,fc 4" (A l^)n,/ü {H(})n~l,k 4" (Ae)n,fc
2AYb -  {N6)n,k -  {N6)n-l,k Qn^k +  (A2)n-l,fc 4- (A^)»,^
i f  ■ 2^ ) (B l)
where (Ni)n,k and {NQ)n,k are explicit functions of the unknown ( ^ 2)^,^ th a t we derive from 
(2.16) and (2.18), respectively. These functions are given by
2
I^n-l,k  (A2)n-l,fc (-^2)71,fc
(A '2 )n - l ,fe  4- {N2)n,k
A t  n - l , k +
7  f  1
\2r32 2
A/Er(l — /CEr) 
732
(A ^ l)n —l,A:j (B2)
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and
A/vb \ w ^ e ) n - l , k  +  2Q%1 +  f l /A t  -  Q ®
1 /A f +  Q %
where the term s j., Q ^ l  and Qj^. are defined by
, 1 , (W2i)n-1,A:
- r  %-------------1--------------- T------------
(B3)
(1) _ 1
7 7 - 1 , A; — 2T32
^n,k - R s54
^n,k — 12rYb
+ Rei
+ (W56)n-l,fc +  ( ^ 65)71- 1,A;
(A^l)7i,fc +  ( H l ) n ~ l , k + o i l -
(B4)
(B5)
(B6)
For the clustered Er®+ ions, we reduce (2.22) into one implicit equation F[{N2)n,k) ~  0 w ith 
one unknown {N2)n,k, given by [52]
+ Ô2
1 1
——A t 2t32/
{N2)n ,k  +  { N l ) n , k  
{ N i ) n - l , k  +  ( ^ 2 ) 71- 1 ,fc
{N2)n-l,k +  {N2)n,k
N^rk^ï
T32 (B7)
where ( # 1)77,  ^ is an explicit function of the unknown {N2)n,k th a t is derived from (2 .21):
N^vkEr
{ N l ) n , k  -  (^  A t  ~ ( ^ 2 )77- 1,A: -  (A^)n,& — +A t + 732
2 (A^2)n-l,A: +  ( ^ 2 ) 71, A: (B8)
The stim ulated transitions (W i2)t7-i,a: and (TF2i)n-i,A; represent stim ulated absorption and 
emission rates tha t depend on the pump power, pulse power and ASE power em itted by Er®+. 
These terms are known along the photonic grid line n  — 1 and are derived from (2.24), as 
follows
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+
+
2/zcA.core 
AAg
2/lcAcore
AA
2hc AnQVet
I
E (r) '(m rn ) '(A ) '
(■P^)n-l,fs-l +  { P ^ t - l , k  +  { P  )l- l,fc -l +  { P  ) h - l , k (B9)
where the first and second summ ation term s on the RHS are over the pulse and ASE channels, 
respectively. The stim ulated transition rates (Wi3)n-i,/c, (W56)n-i,fc and (W65)n-i,fc represent 
stim ulated absorption and emission rates th a t depend on the pump power and ASE power 
em itted by Yb®"*". These term s are derived from (2.25), as follows
EpAp<77j(Ap)
2/rcAcore 
AA
j^(Ep!")n—l,fe—1 "b (P ^ ) n - l . f c  +  (P p  )n —1,/c-l +  (P p  ) n —l,k
I
{ P ' ^ ) h - l , k - l  +  i P ^ ) h - l , k  +  ( P  ) n - l , f c - l  +  ( P  ) n - l , k (BIO)
where the summation term  on the RHS is over the ASE channels.
The solution procedure for Nd®'*‘-Yb®'*' codoped fibres is similar. We reduce the rate- 
equations for the homogeneously distributed Nd®+ and Yb®+ ions [Eqs. (2.29) and (2.30)] into 
one implicit equation P((Y4)n,A;) =  0 w ith one unknown (A^)^*,  ^ for the n  — 1 photonic line. 
Employing (2.29) we then obtain
F { { H 4 ) n , k )  =  ^  (A ^ 4)n -l,fc  ~  (A /4)n,fc] +  (b E o 4 )n -l,A :( l “  % d)A ^N d
“  9 (A^ 4)n-1,A: +  (A/4)n,fcl (  b (bEo4)n-l,fc +  (bb4o)n-l,fe +  iW 4l)n-l,k
“  I  -^Yb -  7, (A/6)n,k +  (A^6)n-l,fe
+  ^ (^60 [(AT6)n-l,A: +  (A^)n,k] “  -^40 [(A^4)n-l,fc +  (A^)m,k] )
• (^2(1 — AîNd)A/Nd — [(A/4)n,fc +  (A/4)n-l,A:]^ 5 (B l l )
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where (A6)n,fc is an explicit function of the unknown {N4)n,ki which is found by using (2.30):
A/yb i W s e ) n - i , k  +  +  (JV0) „ _ i . , ( l /A f  - (4)k (B12)
Here, the functions defined as follows
{N4)n,k +  (A/4)n-l,Z
^(4) _  I (W ^56)n-l,fc  +  (W 6 5 )n - l ,fc  +
+ Rm A^Nd(l -  ^Nd) -  2 (A^ 4)n,fe +  (A^4)n-l,fc]
(B13)
(B14)
The population densities for the clustered Nd®+ ions are found from (2.31) by solving the 
implicit equation P((iV4)„^/j) =  0 with one unknown (iV4)n,fc, where
F{{NA)n,k) = [(-^4)77- 1,/c — ( ^ 4)77,^] +  (14/04)77- 1,A:^ NdA*Nd
(^4 )77- 1,A: +  (-Ÿ4)n,fc] (  b (Wo4)?7-l,fc +  Ç^4Q)n-l,k +  {W4,i)n~l,]^L J V'nsfd /
(-^4)77- 1,A: +  (-^4)77,A:] f%dA^Nd ~  g ( ^ 4)77,A: +  (-^4)77- 1,A:] 1 • (B15)
1 
2
R 40
2
We note tha t (W4o)„_i,fe, ( ^ 04)77- 1,A:, (^1/56)77- 1,A: and (1^ 65)77- 1,A:, represent stim ulated tran­
sition rates due to the pump power, the pulse power and the ASE spectral power densities 
em itted by Nd®+ and Yb®+ ions. From (2.34), we obtain the following expression for these 
term s along the photonic grid line n  — 1:
{Wij)n~i,k ~  ^  Apcr^j(Ap)2/lcAcore
( A p  ) 7 7 — 1,A :— 1 “b  ( - F p  ) t7 — 1,A: ~ b  ( A p  )7 7 — 1,A ;— 1 A  ( A p  )7 7 — 1,A:
A \   p
" Z (ro ) '( (T 7 ;y (A )4 ( f s )L i,,_ i  +  ( f s ) L i , .I
2, ^  E (r)'W )'W
2/lcAcore
AA .
(A''*')L-1,A:-1 +  (A'"*')L-I,k +  ( P  ) h - i , k ~ i  +  (A* ) h - i , k (B16)
where the first, second and th ird  summation terms on the RHS are over the multiplexed pump 
channels, pulse channels and ASE channels, respectively. The term  (H^i)^,-!,^; represents the
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power em itted by Nd®+ ions due to the pulse and ASE spectral power densities, and it is 
obtained from (2.35), as follows
(W ,i) Tl—l,fc — 2hcAa
AA
2/lcAcore ^
( P ^ ) ‘n - l , k - l  +  i P ^ ) ‘n - l , k  +  ( P n ‘n - l . k - 1  +  ( P - f n - l . k (BIT)
Appendix C
Finite-Difference Approximations to 
the Spectrally-Resolved Pulse 
Propagation Equation
The difference equation for the photons is obtained from the pulse propagation equation (2.38) 
in the retarded frame. In particular, we consider a forward upwind finite-difference approxi­
m ation on the (n, k) point of the ions grid, e.g., as follows
J n , k - k
+  [In,k + yRef + 4 , / c
+  -  (^n ,k  +  K ~ l,k - k  +  (7)^AAs mdT +  ( V
%
dA n ,fe-
G n , k  +  R n - l , k ~ \  (-R > )L i fc -i +  4 ./=  +  Q ‘n - l , k - k - (C l)
where the quantities ji., and 7^  ^ are related to the host dispersion and dopant
contributions. These term s are defined on the point (n, k) of the ions grid, and are given by
=  nm (ro)‘(Po)‘(cT2l)‘(lV2)„,*,
G U  =  (Bo)' \ { N 2 ) n M ' ^ 2 l ) ‘ -  (JV l)„,,(cri2) ‘l -  ( « ) ',
„1 _  (ro)‘(A)P^n,k = 47T.......
(0 2 )
(03)
(04)
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dA + 9A n,k (C5)
Here, the effective index contribution in (C5) is evaluated from (2.9), namely
(C6)
We note th a t depends on n(A) through V  and A. Assuming th a t A depends weakly on 
the wavelength, one can obtain an expression for (dn.^/dA )^ To this end, we note th a t dÛ jdX 
can be calculated from the expressions in [89] and the bulk refractive index n(A) is calculated 
from the Sellmeier’s equation for the particular glass fibre, as given, e.g., in [64]. The dopant 
effective index contribution ((5^n^)^^ in (C5) is evaluated from (2.10), as follows
(ro)'(A)^
47T {N2)n,k{(^2lŸ ~  {IIl)n,k{<^12)'‘ (C7)
Similarly, it is straightforward to obtain an expression for the derivative (d<5n^/dA)^ The 
quantities . , i , , i-, FÔ , , % and , i are related to the Ram an contribu-^  7 7 - 1 , f c - ~ ’ 7 7 - 1 , f c - i ’ 7 7 - 1 , / e - i  ^ 7 7 - 1 , f c - i
tions, and are defined on the point (n — 1, A: — Ï) of the photons grid, as follows
jt —"'77- 1,fe-4 -
l '< l  ( A e f f )^  ( ^ )
AAg (A)  ^ Aref
AA, -^ refQ U k - i  -  M P o )  g  (A)"
14- 1exp [hc{l/{Xy' -  l/(A )^ )/% (] -  1
l '> l (A efi)' (A)' (A)'
1 4-
(C8)
(C9)
(CIO)
(Gil)
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Here, the effective index change due to Raman, in (C8), is calculated from
(2.15), i.e., we obtain
-  27t2 ^  (A3)'" -  (A)'"(A 2)‘
S  (^ e / /V ' ■ W '  ' ''
AA«
A.
Lr<f
Ec>(" ' (A)'" (A)f" ' (C12)
where {qrY'’^ denotes the Ram an gain coefficient for a frequency bandwidth between the spec­
tral components with wavelength (A) '^ and wavelength (A)  ^ [(A) '^ <  (A)^]. Once the index
contribution is known, the derivatives in (08) and (09) can be calculated nu­
merically. Note tha t for polarized pulses, we multiply the RES of (02) and (O il) by a factor of 
1/2. Equation (01) is a nonlinear difference equation in which the spectral power densities in 
channels q ^  I are coupled to the power propagating in channel I due to the intensity-dependent 
index and Raman contributions. We note th a t the derivatives in (01) are evaluated by the 
use of an implicit approximation, which we found to increase the stability of the numerical 
solution. In order to solve the nonlinear equation (01), we assume th a t the terms 
^n,k^ and are all known for the row n  of the ions grid (see Appendix B). Furthermore, we 
assume th a t  ^ are known for all values of I and k, and th a t '^Iso known
on the photons grid. Thus the term s , i, , i , , i and , i are also 
known. Under these assumptions, the numerical solution of (01) on row n  of the photons grid 
starts from the boundary at =  1 (^ r =  0). At each integration step, we employ an iterative 
algorithm for the nonlinear terms, which can be w ritten as [120]
s + l (A)'
+ 1 r ( « ) n,fc
I
s + l  f  4
Â Ï
L i 4 M i
+ n,k2
-  ( ^ ) L - i + K k + Q l-i,k -h  +
A T
Lin,k (C13)
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where
^ n ,k  — In,k +  y  Ref + (7)‘ -  (A)‘ dX
(CM)
(CIS)
Here, the superscript s denotes the iteration number for solving the tridiagonal system of 
equations (CIS), e.g., using the m ethod of Gaussian elimination and backsubstitution [117]. 
For the initial iteration, i.e., s =  0, we employ [(Pl)|^_^]^ =  (Ps)n_i,fe- The iterations continue 
until convergence, at each integration step along the fibre. We note th a t the numerical solution
can be considerably expedited by replacing (Pg) I'n - l , k - in (C10)-(C12) with its spatial-average.
i.e., 1 /L  • YZ (Ps)„_i A.%, so th a t the  summations in (CIO)-(012) are carried only once per
integration step.
Appendix D
Finite-Difference Approximations to 
the Propagation Equations for 
Quasi-CW EYDFAs
In what follows, we obtain finite-difference approximations to the quasi-CW  propagation equa­
tions for EYDFAs, i.e., (2.26) and (2.27) in Section 2.2.1. We note th a t in these equations 
there is no coupling among the spectral components. Thus we obtain an explicit solution for 
the forward and backward propagating spectral power densities (P^)n,k, which is defined at 
point (n, k) of the ions grid and a t wavelength A, e.g., as follows
n  _i_ f e^fF 1
+  ( P ^ ) n , f c - l
Gn,k +
1 e^fT 1
Az 2c A t
e^fF 1
- 1
+  ( P  )n,k
2c A t
1 e^fF 1
A z  2c A t
7T>efF 1
+  ^n,k ) 1 +  2c A t
- 1
(D l)
(D2)
where and Gn,k are quantities defined on point (n, k) of the ions grid, and depend on the 
Er^"^ and Yb^+ populations. These quantities are given by
Pn,k =  rse(A)Po(A)(^<J2l(A) [(A2)n,fc +  ( ^ 2)^,^] +  CT65(A)(A6)n,fc  ^, (D3)
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Gn,k = 2 r(A) C^T2i(A) [(iV2)n,fc +  {N2 )n,k] ~  cr56(A)Ay{,
[^ 7’12(A) +  (713(A)] 4- [cT65(A) +  CT56(A)] (AT6)n,A:^  “  Q:(A) . (D4)
Note th a t for the polarized signal channels, we multiply the RHS of (D3) by a factor of 1/2. 
Similarly, it is straightforward to obtain finite-difference approximations for the pump power, 
i.e., Eq. (2.27), which have the same form as (D l) and (D2), but with modifications to (D3) 
and (D4).
In order to solve the finite-difference equations, we assume th a t the terms Fn,k and Gn,k 
are all known for the row n  of the ions grid (see Appendix B). Furthermore, we assume th a t 
(P'^)n-i,k are known for all values of k and th a t (P'^)n,k-i [or {P~)n,k\ is also known. Under 
these assumptions, the numerical solution of (D l) and (D2) on row n  of the photons grid starts  
from the boundary k ~  1 {z = 0) or k = k^ax {z ~  L). However, in case th a t bo th R i{ \)  ^  0 
and i?2(A) 0, e.g., in lasers, the boundary condition (2.41) is given in an implicit form. T hat
is, e.g., a t A: =  1, we have (P+)n,,i given in terms of the unknown quantity {P~)n,i- In order 
to express the boundary conditions exactly in an explicit form, we employ (D l) in a recursive 
manner for (P + )n ,k -i, {P~^)n,k-2 ••• {P'^)n ,2 to obtain [52]
=  G + ,(P + )„ ,i +  , (D5)
where and are constants independent of (P'^)n,i- Thus, in (D5), the term  (P^)n,fc is 
expressed as a linear function of an initial guess (P ''')n,i- A similar expression for {P~)n,k-i 
can be derived from (D2), i.e.,
(P  )n,k~l =  Pn,/c-l(P  )n,/cmax +  ^n ,k-v  (D6)
with constant coefficients and th a t are independent of ( P “ )n,fcmax' Assigning k —
A^max in (D5) and A: =  2 in (D6), and using the boundary conditions (2.41), i.e., (P~)n,Jtmax — 
P 2(A)(P+)n,A^^ and (P+)n,i =  P i(A )(P “ )n,i, we obtain
(P+)n,i =  Q i(P+)n,i +  Qs, (D7)
where Qi and Q2 are two constants independent of the initial guess (P'^)n,i> and (P'*‘)n,i is
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the new value obtained for (P ‘*")n,i after one round trip  in the, cavity. The exact value for 
(P ’^ )n,i satisfies (P'*‘)„,i =  (P"^)?!,!, and therefore we can solve (D7) to find tha t
(P ^)n ,l = Q 21 - Q i ' (D8)
To calculate the constants Q i and Qg, we s tart with an initial guess for (P'*')n,i} namely, 
nnd solve (D l) and (D2) to obtain (P+)j^{ after one round trip  and (P + )^^  after the 
next round trip. The calculated values must satisfy (D7) so th a t the unknowns Q i and Q2 
can be solved, and the exact (P '^)n,i is obtained from (D8). In particular, for an initial guess 
(P + )^ 2  =  0 , we find that
(P ^)n ,i = (3) ' (D9)
The exact (P ‘^ )n,i and the calculated (P"^)^^ and (P"*")^^  ^ from the two round trips are 
used to find the exact {P'^)n,k along the fibre for all values of k. To this end, we note tha t bo th
(P ^ )n  I and (P'*‘)Jj [^ satisfy (D5), so th a t the constants and U t  are known in principle.42)' n , k >n,k 
\(1) _
n ,k n , k
Again, for (P+))^_{ =  0, we find th a t for all & 7  ^ 1 [52]
(P^)n,k = n , k (DIO)
Similarly, because also (P  ) n , k - i  depends linearly on (P+)n,i, we find for all fc 7  ^ 1
( P + t l (P+ )n ,i +  ( P - ) S L r (Dll)
Thus, using (DIO) and (D ll) , we calculate the exact values {P'^)n,k and {P~~)n^}c-i with the 
exact boundary conditions. We note th a t if P i  (A) =  0 and /or P 2(A) =  0, the whole procedure 
is not necessary because the power at row n  is exactly known, a t least, on one of the two 
boundaries.
Appendix E
Approximate Quasi-Analytical 
Solutions for CW NYDFLs
The m athem atical description of the optical power spectrum  propagating in the laser cavity 
can be significantly simplified by assuming th a t the oscillating laser power is strong enough to 
neglect the influence of the ASE on the population inversion of Nd^’*' and Yb^+ ions. T ha t 
is, we assume P ^{z , A) =  P^(z)6(A  — As). We also ignore the effect of cross-relaxation among 
Nd^"^ ions, i.e., we assume /cNd — 0 and P 40 =  P 40 — 0. In this case, (2.36) reduces to
d i   ^ (E l)
where Qs{z) is the differential signal gain per unit length a t A =  Ag. We consider only las- 
ing transitions in the Nd^+ ions around the 1060 nm emission band. Therefore, gs(z) = 
rg((T4i(Ag)A4(z) 4- [o"6s(A8) 4-(756(As)]A%(z) -  (T56(As)IVYb), where Fg =  F(As). Integrating (E l) 
yields
P + ( ^ ) P '( 2 )  =  P + (0 )P ,-(0 ) =  P + ( i ) P r ( i ) .  (E2)
Namely, the product PY~Pp is constant, independent of z. Employing (E2) with the boundary 
condition (2.41), we obtain
■P=“ (0) =  P ^  (L) (E3)
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We further limit ourselves to high laser power circulating the cavity, such th a t the constituent
ion gain is saturated, i.e., we assume ^ 4(2:) C  iV^d and N q{z ) Nyh- Employing these 
assumptions to (2.29) and (2.30), one obtains the following expression for the differential signal 
gain
g ( ,)  ____________  (E4)M { z )  + [P+{z) + Pr{z)] /PS^ fYX, ( z )  +  [Pf{z) +  P, - ( z ) ] /P^'
where the function /Nd(^)> the small signal gain ^Q^ "^ (z) and the saturation power are
related to the gain due to the Nd "^*' ions and are defined by
M { z )  = 1 +  TNdfi45[iVYb -  Ne{z)] +  y ;cT 4o(Ap)Ap[Pp+(z) +  p-{z)] ,  (E5)
9o' i^z) =  E o ' 0 4 (Ap)Ap[Pp+ (z) +  Pp (z)]. (E6)sat
iNd _pi ci  _____________   (T?7'\
=»* -  r,(74l(A.)A.TKd' ^
Here, and in what follows, the summation term s are assumed to be taken over all the multi­
plexed pump channels. The function /y b W , the small signal gain gQ^(z) and the saturation 
power P ^  are related to the gain due to the Yb^"^ ions and are defined by
fYb(z) ^  1 +  %(Ap)Ap [Pp+(z) +  Pp-(z)]. (E8)core
0 ^ ( 4  ^  ^ " > E p r .^ 4 a d 5 (A .)  +  <.56(A.)] ^ [ P + W  +  p - (^ ) ]
ncj±QQYQ
+ Fs[<T65(As) 4- 0-56(As)]NYb-R45TYbA4(^) “  N yh^sfYh{z), (E9)
We next define a constant param eter B  and a dimensionless function ^ (z )  as follows:
B  = 2 /p + ( z )P s - ( z ) ,  (E ll)
®(z) =  P + (z) -  P3- (z ) . (E12)
From (E ll)  and (E12), we obtain (2.42) in Section 2.3.4 for the propagating signal power P ^ (z )  
in term s of T (z) and B . Also, by further assuming th a t ergs(Ap) <C cr56(Ap) and cT4o(Ap) <C 
(^ 04(Ap), (2.37) is analytically integrable to yield the forward and backward propagating pump
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power at wavelength A — Ap
Pp{z) = Pp{0) exp (  -  [rp(c756(Ap)AYb +  o-04(Ap)iVNd) +  « (A p )]z j, (E13a)
Pp (%) =  Pp (L) exp ^ -  [rp(cj56(Ap)AYb +  o"04(Ap)I%d) +  «(Ap)] {L -  z^j ■ (E13b)
In addition, it is straightforward to obtain closed-form analytical approximations for the pop­
ulation inversions of the Nd^+ and Yb^'^ ions, namely N 4, {z )  and N q { z ) ,  in terms of Ÿ(z) and 
B . T hat is, using (2.29) and (2.30), one obtains
JVe(z) Ny (^ X;(TM(Ap)Ap[Pp+(z) + Pp-(z)]
<T56(A3) V\p2(z) +  p2
hcA^
-)- 7^45^4 (z)TYb + <^ 65(A3)
- 1
1 +  E -35(Ap)Ap[Pp-(z) +  Pp-(z)]- s^at ncJ±core (E15)
where the functions Ai{z), A.2(z), and ^ 3(2:) are defined by
A i(z) = E 45AYbTYbTNd, (E16)
A2{z ) = RdSTNd^YbAYb
" E --(A p )A p [P p + (z )  +  Pp-(z)] +  ^ ^ ™ ^r ' P ' 0-65(A») P^f'
1 + E  -05(Ap)Ap [P+(Z) + Pp-(z)]
sat '4C/lcore
■ ^  pNd E  ^4 0 (Ap)Ap [P+ (z) + P~ (%)] + P45AYbTNdlsat /iCi^ core /
(BIT)
Az(z) = Nm  { P p  E  ‘^ 04(Ap) Ap [P+(z) +  Pp- (2 )]
■ E  '^ 65(Ap)Ap [Pp+(2) + Pp-(2)] + . (E18)
Substituting (E4) in (E l) for j ÿ ( z )  and employing (B12) and (E ll) , we obtain the following
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differential equation for ^ (z ):
d ^ (z )
dz
So'^(z)
f m ( z )  +
V P ( 4 + B 2 ,  (E19)I 9 ^ ( 4 ____________f Y b ( z )  +  V $ 2 ( ^ )  +  s 2 / p Y b
where the boundary conditions for (E19) are derived from (2.41), (E3) and (E12), namely [121]
Note tha t Ÿ(0) <  0 and ^ (L ) > 0. The numerical integration of the approximate (E19) is 
referred to as the quasi-analytical solution. This solution is significantly faster than  the iterative 
numerical solution of the exact (2.29), (2.30), (2.36) and (2.37). To this end, the param eter 
B  is expressed in terms of the boundary conditions ^ (0 ) and ^ (T ), i.e., substituting (2.41) in 
(E ll)  [using (E2)] and (E12), we obtain [121]
„  2 $ ( 0 ) /R l ( Â n  2 » ( L ) v % ( Ÿ )
l - H i ( A s )  1 -  % (A ,) ■  ^ ^
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